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Gates! has reported that the growth processes of Escherichia colt are 
less sensitive to ultra-violet light than cell division. When these organisms 
are exposed to a limited dose of radiation, they form ‘‘spaghetti-like’’ 
filaments which attain lengths up to 150 microns and diameters up 
to 3 times that of normal cells. We have examined these filaments both 
in the living state with the phase microscope and after staining the nuclear 
bodies by Robinow’s procedure.” .As the filaments grow it was observed 
that the nuclear bodies divide regularly and each filament soon contains 
pairs located 3 to 4 microns apart. After several hours many of the 
filaments recover from the effect of the ultra-violet treatment and produce 
normally dividing cells of the organism. In studying the mechanism of 
this recovery, it was observed that in some filaments a swelling appears 
near the center and the nuclear bodies migrate to this area and apparently 
fuse together to form a mass of Feulgen-positive material. The swelling 
increases in size until it is 6-10 microns in diameter. The nuclear material 
takes on a granular appearance and a colony of apparently normal organ- 
isms will develop at this site on agar plates seeded with irradiated organ- 
isms. The appearance of the“process is- analogous to that observed by 
Dienes* with cultures of a Proteus species. It seems possible that the 
organism, unable to divide normally, has resorted to a primitive or rudi- 
mentary sexual mechanism. We are aware of the pitfalls inherent in 
cytological studies of microérganisms, and since our photographs were 
not convincing we have used a cultural procedure for studying the effect 
of ultra-violet radiation on sexual activity. 

A number of £. coli mutants were obtained from Dr. Lederberg. These 
strains are unable to synthesize certain necessary amino acids or vitamins 
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and, therefore, will not grow in a minimal medium. However, when 
two strains with different deficiencies are grown together one can isolate 
from the resultant culture individuals which are prototrophs of the parent 
strain (i.e., organisms which are identical with the parent strain in their 
nutritional requirements). Other mutations such as virus resistance or 
inability to ferment lactose can be tested at the same time. These are 
distributed in the prototrophs isolated from mixed cultures of mutant 
strains as recombinations are distributed in higher forms. This suggests 
that E. coli has a life cycle like Neurospora with only an occasional sexual 
phase. 

Four-hour broth cultures of the mutant strains were exposed to ultra- 
violet lamp for 30 seconds and inoculated singly and in combinations into 
nutrient broth along with similar unirradiated controis. After the cultures 
were incubated for 6-24 hours, they were washed and plated on minimal 
medium to detect prototrophs. It will be observed from table 1 that 
when two strains were grown together which were both B~M~ (biotin and 
methionine deficient) in no case did one obtain organisms which could 
grow on the minimal medium. A similar result occurred when two strains 
of T~ L~ B,~ (threonine, leucine and thiamin deficient) organisms were 
grown together. When two strains with different deficiencies, for example, 
B-M~— (which can synthesize threonine, leucine and thiamin) was grown 
with T- L~ B~- (which can synthesize biotin and methionine) organisms 
were obtained which could synthesize all factors (prototrophs of the 
parent strain) in numbers of about 1 for each 10’ cells plated as Lederberg‘ 
has reported. It will be observed from table 1 that the organisms subjected 
to irradiation produced up to 17 times as many prototrophs as the un- 
irradiated cultures. Yet the irradiation produced no change in the cultures 
inoculated with single strains or with pairs of strains containing the same 
deficiencies. : 


TABLE 1 
EFFECT OF IRRADIATION ON RECOMBINATIONS 











- IRRADIATED INOCULUM CONTROL INOCULUM 
TOTAL PROTO- RATE/ TOTAL PROTO- RATE/ 

ORGANISMS* COUNT TROPHS MILLION COUNT TROPHS MILLION 
58-161 + Y10 50M 130 2.6 280 230 0.8 
58-161 + Y53 21 160 7.6 220 100 0.45 
58-161 + Y87 60 0 0 270 0 0 
Y53 + Y10 80 0 0 190 0 0 
Y53 + Y87 70 360 5.1 250 100 0.4 
Y87 + Y10 90 330 3.7 220 130 0.6 
58-161 70 0 0 150 0 0 
Y53 50 0 0 340 0 0 
Y10 70 0 ‘0 160 0 0 
Y87 110 0 0 120 0 0 


* 58-161 = B-M~; Y10 = T~L~B,-; Y53 = T-L~B, Lac"; Y87 = B-M~Lac~. 
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The young inocula of the 4 strains were washed carefully and pipetted 
both singly and in combinations onto plates of minimal agar in dilutions 
of 1-10 and 1—1,000,000. The total inoculum in each case was suspended 
in 1 ml. of saline which left'a film of moisture on top of the agar in which 
the organisms could move freely. Some of the seeded plates were exposed 
to ultra-violet light for the periods of time indicated in table 2. Then all 
plates were placed at 37°C. for two hours at which time some filaments 
were formed in the plates irradiated for the longest period. At that time 
another layer of minimal agar was poured on the plates of the 1-10 dilution 
and nutrient agar was poured on the plates containing the 1—1,000,000 
dilution. After incubation the latter plates gave the total numbers of 
organisms involved and the former gave a measure of the number of re- 
combinations which had occurred. It will be observed that the maximum 
production of prototrophs occurs with about 10 seconds exposure to ultra- 
violet under the conditions of our experiment but that even two seconds 
exposure enhanced the rate of occurrence markedly. 


TABLE 2 
EFFECT OF TIME OF IRRADIATION OF SEEDED PLATES ON RECOMBINATIONS 


PROTOTROPHS PER MILLION CELLS ON PLATES IRRADIATED FOR (SECONDS): 
ORGANISMS 0 2 ‘ 5 10 30 


58-161 + Y53 0.45 2.5 4.4 5.6 3.2 
Y53 + Y87 0.8 3.2 4.1 6.8 7.3 
58-161 + Y10 0 0 0 0 0 
58-161 + Y87 0 0 0 0 0 
58-161 0 0 0 0 0 


From a number of plates, colonies were isolated and transferred to eosin- 
methylene blue agar to determine lactose fermentation. Of the 25 organ- 
isms tested from the prototrophs obtained from the combination of two 
lactose negative strains, no lactose positive organisms were found from 
either the normal or the irradiated ineculum. From the combination of a 
lactose positive with a lactose negative strain 28% of the prototrophs were 
lactose positive from both the control and the irradiated inoculum. These 
data strongly suggest that the small amounts of irradiation stimulate a 
sexual mechanism in bacteria as measured by the increased rate of re- 
combination. Whether this stimulates a sexual conjugation or the ‘‘cross- 
ing-over”’ after such conjugation, or merely the production of a trans- 
forming principle is not evident from these experiments. 





TABLE 3 
EFFECT OF IRRADIATION ON THE ABILITY OF PROTO1ROPHS TO FERMENT LACTOSE 
——IRRADIATED INOCULUM———~ "ase CONTROL INOCULUM———~ 
STRAIN POSITIVE NEGATIVE POSITIVE POSITIVE NEGATIVE POSITIVE 
58-161 + Y53 Ay 18 28% 7 18 28% 


Y53 + Y87 0 _ 25 0 0 27 0 
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Two points are of particular interest. The first is the independent 
confirmation of Lederberg and Tatum’s demonstration of regular re- 
combination in E. coli, K12 (see Lederberg‘). The second is the marked 
increase in rate of recombination due to the irradiation. The reasons for 
this increase are unknown, but the fact suggests an interesting adaption, 
perhaps connected with the abnormal growth pattern of the irradiated cells. 


1 Gates, F. L., ‘“The Reaction of Individual Bacteria to Irradiation with Ultraviolet 
Light,’’ Science, 77, 350 (1933). 2 

2 Robinow, C. F., “Cytological Observations on Bact. coli, Proteus vulgaris and 
Various Aerobic Spore-Forming Bacteria with Special Reference to the Nuclear Struc- 
tures,” J. Hyg. Camb., 43, 4138-423 (1944). 

3 Dienes, L., Proc. Soc. Exper. Biol. Med., 66, 314-317 (1947). 

4 Lederberg, J., ‘“Gene Recombination and Linked Segregations in Escherichia coli” 
Genetics, 32, 505-525 (1947). 


STRAIN SPECIFICITY AND PRODUCTION OF ANTIBIOTIC SUB- 
STANCES. VIII. PRODUCTION OF A GRISEIN-LIKE ANTI- 
BIOTIC BY A STRAIN OF STREPTOMYCES GRISEU‘S* 


By WARFIELD GARSON} AND SELMAN A. WAKSMAN 


NEw JERSEY AGRICULTURAL EXPERIMENT STATION, RUTGERS UNIVERSITY 
Communicated May 1, 1948 


Since the recent demonstration! that certain antibiotic agents produced 
by actinomycetes possess bacteriostatic and bactericidal properties against 
Mycobacterium tuberculosis, a considerable interest has arisen in a system- 
atic study of similar potentialities among the practically unlimited strains 
and species of actinomycetes that could be isolated from various natural 
substrates.* * 

The present investigations were initiated to determine the presence in the 
feces of healthy and tuberculous herbivorous animals of actinomycetes 
which have growth-inhibiting properties against mycobacteria and es- 
pecially M. tuberculosis, and of the production by such organisms of anti- 
biotics which have similar properties. 

A culture of an organism belonging to the»Streptomyces was isolated from 
the fresh stool of a healthy heifer, and found to be highly effective. This 
culture (No. 3510) was tested against four mycobacteria, namely, M. ranae, 
M. avium, M. phlei and M. tuberculosis 607, a fast-growing non-pathogenic 
strain of the human tubercle bacillus. These tests were made by the agar 
cross-streak method‘ on three different media: dextrose-asparagine agar, 
nutrient agar and egg albumin agar. A streptomycin-producing strain of 
S. griseus was included among the organisms for comparison with the more 
active unknown cultures. 
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The results presented in table 1 show that the production of active anti- 
mycobacterial substances differs with the media used for test purposes. 
The various strains of the mycobacteria also differ in sensitivity to the differ- 
ent actinomycetes. Whereas culture R60 had, for practical purposes, no 
activity against any of the mycobacteria, A47 had considerable activity on 
2 of the mycobacteria on certain media, and HF23 had good activity on all 
the mycobacteria on nutrient agar, 3510 and the streptomycin-producing 
strain of S. griseus were active against all the mycobacteria tested. There 
was a difference, however, between the last two, 3510 showing only limited 
activity on dextrose-asparagine agar. Because of the high level of activity 
on various substrates against mycobacteria, 3510 was selected for more de- 
tailed investigation. 


, 


TABLE 1 
INHIBITION OF GROWTH OF VARIOUS MYCOBACTERIA BY CERTAIN CULTURES 
oF Streptomyces 


Zone of Inhibition in Mm.* 

M., tuberculosis 

Streptomyces M. ranae M. avium M. phlei 607 
NO. 


DA NU EG DA NU EG DA NU EG DA NU EG 
R60 0 0 0 0 ope | Mes 0 0 0 0 0 
A47 0 0 0 0 eS ale ee, De 0 14 0 
HF23 oe 0 G i6..¢ 6 36 0 0 20 0 
3510 6 20 ae ee 7 2 12 2 Se a 
Streptomycin- 
producing 
S. griseus 152: Bie ohh. s, 12 OB... OS a 


* DA = dextrose-asparagine agar; NU = nutrient agar; EG = egg albumin agar, 


On further study, 3510 was found to belong to the group of S. griseus. It 
grew well under both static (surface) and agitated (submerged) conditions 
and produced an active antibacterial agent. The concentration of the anti- 
biotic depended greatly on the composition of the medium. Lysis of the 
mycelium appeared after 5 to 7 days in submerged cultures at 28°C., and 
after 2 weeks or longer in static cultures. 

The antibacterial potency of the culture filtrate and of the isolated crude 
preparation may be determined either by the agar-streak dilution method® 
or by the agar-diffusion or cup method.’ The rapid development of resist- 
ance of certain bacterial cells to the antibiotic precludes the general use of 
serial dilution procedures in liquid media. In general, the degree of resist- 
ance observed in using the serial dilution assay techniques is as great as that 
observed for grisein on some test organisms; however, the capacity of bac- 
terial cells to develop resistance to this antibiotic is selective rather than 
general, as is the case for grisein. The growth of strains of E. coli, for ex- 
ample, in dilutions ranging from 1-4 to 1-2048 incubated for 18 hours at 
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37°C. cannot be differentiated from the control tube; whereas strain; of 
S. aureus under similar conditions will show a clear-cut delineation between 
tubes containing growth and those not, at varying dilutions depending upon 
the potency of the culture filtrate or powdered preparation used. 

The antibiotic spectra of a typical culture filtrate of 3510, using the agar- 
streak dilution method, and of a solid preparation obtained from the filtrate 
were similar, as shown in table 2. The activity was highly selective in 
nature, including both gram-positive and gram-negative bacteria; fungi 
were not affected. The culture medium showed occasional activity against 
M. tuberculosis 607; this activity was lost, however, on the isolation of the 
antibiotic. This points to the possibility that the culture produces a second 
antibiotic substance which is not removed from the medium or which is in- 
activated in the purification proces’. 


: TABLE 2 
ANTIBACTERIAL SPECTRA OF THE CULTURE FILTRATES AND OF SOLID PREPARATION OF 
3510 . 
CULTURE CRUDE DRY 
FILTRATE, PREPARATION, 
TEST ORGANISM UNITS/ ML. UNITS/ MG. 

Escherichia coli 50 12 
E. coli, streptomycin-resistant strain 30 20 
Serratia marcescens 0 <0.05 
Aerobacter aerogenes 0 <0.05 
Proteus vulgaris 0 <0.05 
Pseudomonas fluorescens 0 <0.05 
Shigella dysenteriae 100 40 
Sh. paradysenteriae 300 > 120 
Sh. alkalescens 30 12 
Salmonella pullorum 300 > 120 
Bacillus subtilis 10 4 
B. mycoides 0 <0.05 
B. circulans 0 <0.05 
B. cereus 0 

Staphylococcus aureus 30 > 40 
Sarcina lutea 0 <0.05 
Micrococcus lysodetkticus 0 <0.05 
Mycobacterium tuberculosis 607 0-10 <0.05 
Cryptococcus neoformans 0 0 
Trichophyton mentagrophytes 0 0.4 
Candida albicans 0 <0.05 


The culture filtrate did not always possess tuberculostatic activity. This 
substance appeared to be produced in increasing concentrations in the 
medium, after the activity of the major antibiotic had reached a maximum. 
This was true especially under submerged conditions of culture and at a 
temperature of incubation lower than the usual 28°C., namely, at approxi- 
mately 24°C. All attempts, however, to isolate the tuberculostatic factor 
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from the metabolic solutions failed. By the use of the cup method and 
M. avium as the test organism with streptomycin as a standard of compari- 
son, 30-50 units/ml. of culture filtrate were commonly obtained. Occa- 
sionally as high as 120 units/ml. were observed. 

The antibiotic that was isolated from the culture medium had a high 
activity against gram-negative enteric bacteria, including streptomycin- 
resistant strains of E. coli. 

The addition of 50 mg. of FeSO,.7H.2O per liter of nutrient broth yielded 
culture filtrates and solid preparations with much greater activity than 
those produced by the best meat extract-corn steep liquor media. When 
zine was also added, it was found that there was a critical balance between 
this element and iron. When 30-35 mg. per liter FeSO,.7H2O, 8-10 mg. 
per liter ZnSO,.7H2O and 10 g. NaCl per liter were added to peptone-meat 
extract media in distilled water, good growth and production of the anti- 
biotic were obtained. The addition of 3 g. per liter glucose resulted in 
even better.growth. When this medium was used in static cultures, 2550 
E. coli units/ml. of culture filtrate were obtained in 4 days at 28°C. The 
addition of glucose to unbuffered media inhibits the production of the anti- 
biotic, because of the lowering of the pH in the early stages of growth. 

When the cell-free culture filtrate was treated with activated charcoal 
(7-10 g. per liter) all the antibiotic activity was removed from the filtrate. 
Elution of the adsorbate with neutral 95 per cent ethanol yielded 10-15 per 
cent of the activity. The eluate was concentrated to dryness im vacuo, or 
ethyl ether was added in a separatory funnel and the aqueous layer col- 
lected and concentrated to dryness. When the concentrated liquid was 
added to acetone, a precipitate was obtained; this was triturated to a pow- 
der, washed with ether and desiccated. A yield of 200 to 400 mg. was ob- 
tained per liter of medium, depending upon. the composition of substrate, 
rate of growth and antibiotic-producing capacities of the strain used. The 
preparations thus obtained showed an activity of 12,000 to 20,000 E. coli 
dilution units per gram. The activity against Shigella paradysenteriae and 
Salmonella pullorum was nearly 10 times as great. 

The various biological and chemical properties of the antibiotic point to 
its close similarity to grisein, an antibiotic produced by another strain of 
S. griseus." A comparison of the antibacterial spectra of this antibiotic 
with certain others produced by actinomycetes is given in table 3. 

The similarity of this antibiotic to grisein may be summarized as follows: 


1. Both are produced by strains of S. griseus. 
2. Both are highly selective in their action against gram-positive and 
gram-negative bacteria, and are especially active against enteric 
bacteria, antibiotic 3510 having an even narrower antibacterial 
spectrum than grisein. 
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TABLE 3 


COMPARATIVE ANTIBIOTIC SPECTRA OF STREPTOTHRICIN, STREPTOMYCIN, GRISEIN AND 


ANTrBrIoTIC 3510 


STREPTO- STREPTO- ANTIBIOTIC 
TEST ORGANISM THRICIN MYCIN GRISEIN or 3510 
E. coli + + > a 
E. cli* + - + + 
E. colit + + _ + 
Ps. fluorescens - + a = 
S. marcescens aa + 55 a= 
A. aerogenes + + _ - 
Pr. vulgaris + + _ - 
S. aureus + + = + 
B. mycoides - a a — 
B. subtilis + + + = 
B. cereus - + - - 
B. megatherium + + + - 
S. lutea + + = a 
M. lysodeikticus + + + - 


* Streptomycin-resistant. 
} Grisein-resistant. 


3. Antibiotic 3510 is accompanied occasionally by tuberculostatic 


S 


~I 


10. 


11. 


12. 


activity, a fact which has never been demonstrated under com- 
parable conditions for the grisein-producing strains of S. griseus. 

Antibiotic 3510 is obtained by the same methods of elution from 
activated carbon as is grisein. All elution methods that failed 
with grisein have also failed in the isolation of this substance. 

Antibiotic 3510 and grisein are similar in their solubility in water 
and insolubility in organic solvents. 

The two antibiotics are similar in their heat stability. 

The activity of neither antibiotic is inhibited by cysteine, glucose 
and horse serum. 

The production of both antibiotics is favored by the presence of iron 
in the medium. 

The activity of both antibiotics is inhibited by certain concentra- 
tions of iron in the test medium. 

Actinophage active against streptomycin-producing strains of S. 
griseus has no activity either against grisein or the 3510 produc- 
ing strain. 

Both antibiotics have a greater effect on streptomycin-resistant 
E. coli cells than on the normal non-resistant laboratory strains of 
this organism. 

When cross-streaks are made between actinomycetes producing 
various antibiotics and the same organisms, certain striking 
differences are obtained, as shown in table 4. 
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TABLE 4 
Cross-INHIBITION AMONG VARIOUS ANTIBIOTIC-PRODUCING ACTINOMYCETES 
Cross-Streak Agar Method, Using Nutrient Agar* 
~ TEST ORGANISMS, INHIBITION IN MILLIMETERS 
CULTURE NO. ANTIBIOTIC PRODUCED 3465 3516 3478 3510 


3463 Streptomycin 8 29 19 21 
3516 Streptothricin VI 9 15 2 3 
3478 Grisein 3478 5 22 0 0 
3510 Antibiotic 3510 17 25 17 0 


* Streaked on agar plate, allowed to grow 48 hours at 28°C., then cross-streaked by 
test cultures. 


13. Streptomycin-resistant E. coli cultures as well as grisein-resistant 
cultures are sensitive to antibiotic 3510. 

14. S. griseus 3510 is active against the Bodenheimer bacterium, which 
is resistant to both grisein- and streptomycin-producing strains 
of S. griseus. 


Except for certain minor differences, antibiotic 3510 is most similar to 
grisein. Until this antibiotic has been isolated in a pure form and its chemi- 
cal composition established, it shall be designated as antibiotic 3510 and 
may be considered as a grisein-like substance. 

When tested against several common bacteria by the use of the cup 
method, streptomycin was found to give the smallest zones of inhibition 
against E. coli, larger zones against S. aureus and the largest zones against 
B. subtilis. Grisein produces the smallest zones with S. aureus, larger 
zones with B. subtilis and the largest zones with E. coli. Antibiotic 3510 
produes smallest zones with B. subtilis, larger zones with E. coli and the 
largest zones with S. aureus. 

Antibiotic 3510 was found to have marked in vivo activity. This was 
established by injecting yolk sacs of 9-day-old chick embryos previously in- 
fected by the same route with a suspension of Salmonella pullorum. For 
this purpose crude preparations of the substance assaying by the cup 
method 45 streptomycin units per milligram were used. Chick embryos 
with 0.1 ml. of a 10 dilution of a 24-hour heart broth culture representing 
about 150 cells thus infected die regularly in 18 hours or less. 

All the uninfected controls, both untreated and treated, survived, as did 
the controls injected with sterile physiological saline. All infected controls 
died in 24 hours. When streptomycin was used, all the infected eggs with 
ug. died in 24 hours; 1000 ug. allowed 3 out of 5 infected eggs to survive for 
24 hours and beyond. The infected eggs treated with 10 units of antibiotic 
3510 died in 24 hours; with 100 units, 1 out of 5 survived 24 hours and 
throughout the experiment; 500 units allowed :all the eggs to survive 24 
hours, and 4 out of 5 survived from 48 hours through 15 days, at which time 
the experiment was concluded (table 5). 
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TABLE 5 


COMPARATIVE EFFECT OF STREPTOMYCIN AND ANTIBIOTIC 3510 UPON Salmonella pul- 
lorum IN CuIcK EMBRYOS 


AMOUNT OF 


NO. OF ANTIBIOTIC NO. OF EMBRYOS SURVIVING, 
EMBRYOS PER EMBRYO, DAYS 
TREATED TREATMENT* UNITS 1 2 15 
5 Uninfected Me 5 5 5 
5 Infected, untreated ie 0 0 0 
5 Streptomycin 100 0 0 0 
5 Streptomycin 500 0 0 0 
5 Streptomycin 1000 3 3 3 
5 Antibiotic 3510 10 0 0 0 
5 Antibiotic 3510 - 100 1 1 1 
5 Antibiotic 3510 500 5 4 4 


* All embryos tolerated well 1000 streptomycin units or 500 units of antibiotic 3510. 


In view of the relatively low toxicity of crude preparations of antibiotic 
3510, high solubility in water, relative stability, lack of inhibition by serum, 
activity in vivo, high level of activity on gram-negative enteric pathogens 
and activity upon streptomycin- and grisein-resistant bacteria, this anti- 
biotic offers certain possibilities for the control of infections caused by en- 
teric pathogens, especially those resistant to other antibiotics. 

Summary.—A grisein-like antibiotic, designated as antibiotic 3510, was 
found to be produced by a strain of S. griseus isolated from the intestinal 
contents of a heifer. 

Antibiotic 3510 has a very narrow antibacterial spectrum, even narrower 
than that of grisein. It is active against certain gram-positive and gram- 
negative bacteria, especially organisms of enteric origin. Bacteriathat have 
been made resistant by serial passage to streptomycin and to grisein are 
still sensitive to this grisein-like substance. 

Antibiotic 3510 shows, in crude preparations, a rather low toxicity for the 
chick embryo. It is capable of protecting the latter against infections with 
Salmonella pullorum. In equal concentrations, it appears to be more potent 
than streptomycin. 

The strain of S. griseus which produces the grisein-like antibiotic 3510 
forms another antibiotic which inhibits the growth of certain mycobacteria, 
including M. avium and M. tuberculosis 607.* 


* Journal Series Paper, New Jersey Agricultural Experiment Station, Rutgers 
University, Department of Microbiology. 

t Sr. Asst: Surgeon, Tuberculosis Control Division, U. S. Public Health Service. 

1 Schatz, A., and Waksman, S. A., Proc. Soc. Exp. Biol. Med., 57, 244-248 (1944). 

2 Waksman, S. A., J. Am. Med. Assoc., 135, 478-485 (1947). 

8 Williston, E. H., Zia-Walrath, P., and Youmans, G. P., J. Bact., 54, 563-568 (1947). 

* Carvajal, F., Mycologia, 38, 596-607 (1946). 

5 Waksman, S. A., and Reilly, H. C., Anal. Ed., Ind. Eng. Chem., 17, 556-558 
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THE GAS TURBINE AND ITS SIGNIFICANCE AS A PRIME 
MOVER 


By C. RICHARD SODERBERG 
MASSACHUSETTS INSTITUTE OF TECHNOLOGY, CAMBRIDGE 
Read before the Academy, April 28, 1948 


Introduction——The emergence of the gas turbine as an accepted mem- 
ber of the family of heat engines and prime movers has taken place within 
the last ten years. Its application to the field of aircraft propulsion, nota- 
bly in the form of jet propulsion, has been accompanied by much publicity 
and fanfare. This application, while enormously important, has tended to 
obscure the wider implications of this development. This paper gives a 
brief survey of developments which led to the gas turbine and their impli- 
cations for the future. 

In the two centuries and a half during which man has occupied himself 
with heat engines, there have been only a few events of far-reaching impli- 
cations, and only three major types of prime movers have reached maturity: 
the steam engine, the steam turbine and the internal combustion engine. 
The selection from technological history is somewhat arbitrary, but up to the 
end of the last century the following events and approximate dates may be 
singled out as of particular significance: Savary’s water raising engine, 
1700; Newcomen’s atmospheric engine, 1710; Watt’s condensing engine, 
1770; the caloric engine (Cayley, Stirling, etc.), 1825; Otto’s internal 
combustion engine, 1875; the steam turbine (Parsons and de Laval), 
1885; the Diesel engine, 1895. The arrival of the gas turbine is thus an 
event of the first importance. If it had taken place in a less exciting period 
of history, it would have been regarded as truly epoch making. Competing 
as it does with atomic bombs, atomic power, supersonic airplanes and 
guided missiles, not to mention the political and cultural characteristics of a 
“time of troubles,’’ its relative significance has been overshadowed,by other 
events. 

Survey of Historical Background.—The gas turbine represents the fulfill- 
ment of an idea which was born at the beginning of the last century with 
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Carnot’s theory of the motive power of heat. Roughly, the idea is to com- 
press a working gas, such as air, impart heat to it at as high a temperature as 
possible, and then expand it back to the original pressure. The excess of 
work released in the expansion, over that required by the compression, is 
the useful output. Carnot showed that its relation to the energy supplied 
in heating the gas depends only upon the upper and lower limits of temper- 
ature. This is the basic principle of all heat engines. The steam engine 
of Carnot’s time proved to be a poor approximation of this idea, however, 
because its functioning was tied to the peculiar properties of water vapor. 

The hot air engine, or the caloric engine, was the first direct embodiment 
of Carnot’s idea. During the first half of the last century, many of the 
distinguished leaders of the mechanical engineering profession devoted 
themselves to the development of this engine. In this process practically 
all of the major inventions relating to heat cycles, such as regeneration, 
combustion of fuel under pressure, and so on, were made and applied, only 
to be forgotten and reinvented later in other contexts. Many such engines 
were indeed built, and some lingered in certain applications until the end of 
the century. With the state of the art of mechanical engineering and 
metallurgy at the time, the full realization of the idea was impossible. The 
caloric engine represeuts an interesting example of a stillborn development 
whose basic logic was far in advance of its means of realization. 

This failure left a deep impression on the profession, and the impracti- 
cability of this type of cycle was thenceforth taken for granted. Under the 
heading ‘‘Air Engines,” the fourteenth edition (1932) of the Encyclopedia 
Britannica expresses the situation as follows: ‘The practical drawbacks to 
employing air as the working substance of a heat engine are so great that its 
. use has been very limited. Such attempts as have been made to design air 
engines on a large scale have been practical failures, and are now interesting 
only as steps in the historical development of thermodynamics.’’* 

During the succeeding century, the attention was shifted to improve- 
ments in the steam engine and the steam cycle as a whole. With the 
arrival of the steam turbine and the resulting possibilities for advance of 
pressures and temperatures, this reached a high state of perfection, and it is 
still the major type of power plant in the field of large units. It is signifi- 
cant, however, that it was not until after World War I that the refinements 
of regeneration and reheating came into general application. 

It was in the internal combustion engine that the dream of an ideal power 
cycle first found an embodiment which reached full maturity. This is the 
ideal reciprocating type of air engine, representing a clever compromise, 
which avoided many of the difficulties which had been encountered in the 
caloric engine. With its application to transportation, the incentive for a 
successful internal combustion engine was so great that its development be- 
came a major preoccupation of industry. 
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By the end of World War I the limitations of the internal combustion 
engine had become apparent. These were to influence profoundly power 
developments of the following two decades. The method of supercharging 
was introduced by Rateau and others in the early part of this century to 
overcome the limitation in inlet volume. It provided the incentive for the 
development of efficient rotary compressors. As in all reciprocating en- 
gines, the gas cannot be expanded to a pressure lower than that correspond- 
ing to the initial volume. Since the gas is much hotter at the exhaust than 
at the inlet, this means that the exhaust pressure is above the atmospheric 
pressure, causing a considerable portion of the available energy to be lost. 
Some of it can be recovered if the supercharger compressor is driven by a 
turbine running in the exhaust gas stream. This idea was introduced by 
Buchi in the nineteen twenties. This turbine-driven supercharger compares, 
in relative significance, with the major prime mover developments. It is of 
particular value in connection with aircraft power plants, where it was in- 
troduced by Moss and others. 

The idea of the perfect air engine never died completely, however, and 
after the introduction of the steam turbine, it reappeared in the device 
which we now know as the gas turbine and which utilizes the same processes 
previously tried in the caloric engines, but now without the limitations of 
reciprocating machinery. Many gas turbines were built in the years before 
and after the turn of the century, but all of them were failures, and many of 
them did not even run by their own power. Part of this was due to the 
limitations in the state of the art of mechanical engineering, but it was also 
because the full implications of Carnot’s idea were not sufficiently realized, 
particularly the fact that the excess power delivered in the expansion over 
the power consumed by the compression is a very sensitive function of the 
temperature and the efficiency of the elements. Part of these efforts were 
applied to schemes involving combustion at constant volume along the lines 
of the internal combustion engine. While this development by Holzwarth 
did not lead to a commercial prime mover, it provided much essential ex- 
perience in high-temperature turbine construction. 

In the nineteen thirties some of these efforts led to commercial devices. 
In Switzerland, where most of this early gas turbine history was made, 
suctessful gas turbines were built before the outbreak of World War II. 
The Velox stéam boiler had a combustion circuit, which to all intents and 
purposes functioned as a gas turbine, even if it was merely an auxiliary. 
Applications to the Houdry cracking process followed. Some of these units 
were also built and installed in the United States. A small reserve power 
plant and a locomotive were in operation at the outbreak of the war in 
1939. All of these plants made use of relatively low gas temperatures with 
resulting low efficiencies. 

The application of the turbine-driven supercharger to aircraft power 
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plants proved to be essential to flight at high altitudes. Under this incen- 
tive remarkable progress was made in the United States during the nine- 
teen thirties in high-speed compressors and in the development of alloys 
with the required mechanical strength and resistance to corrosion at high 
temperatures. Some progress in the development of such materials had 
already been made in other branches of industry. The two principal 
premises for a successful gas turbine (an efficient compressor and an 
efficient, high-temperature turbine) thus came together for the first time in 
the turbine-driven supercharger for airplanes. As soon as World War II 
was under way, we realized with a start that, as part of the war production, 
we were producing successful gas turbines by the thousands. 

Some developments of gas turbines for general prime mover purposes 
were carried out during the war, but it was the aircraft power plant itself 
that was destined to be the first and major beneficiary, because of the 
possibility of jet propulsion. To produce propulsive force by the ejection of 
matter is an old principle of locomotion, also used by many marine animals. 
To be effective from the point of view of economy of energy it is required 
that large amounts of matter be ejected at velocities of the same order of 
magnitude as the speed of locomotion. These premises were fulfilled for 
the first time in man’s history in the combination of a gas turbine and an 
airplane flying at speeds in excess of 500 miles per hour. 

A preliminary evaluation of jet propulsion of planes was made in the 
United States in 1922, but the premises were then not favorable. Appli- 
cation of jet propulsion to planes seems to have been made first in Germany, 
then in England, and last in the United States. By 1941 serious efforts 
were under way in all three countries, and towards the end of the war jet 
propelled planes were flown by the air forces of the three nations. The 
turbo jet is now a major type of aircraft power plant. The turbo prop, in 
which the gas turbine drives a propeller, has lagged behind in its develop- 
ment, principally because its need has not been quite so urgent. 

This view in retrospect of the history of the heat engine is interesting and 
instructive in appraising the future of other ideas. After man had suc- 
ceeded in lifting weights by means of heat energy through steam power, it 
required more than a century for the basic principles to be formulated. 
The type of power cycle which followed by logical deductions from these 
principles required another century for its realization. Specifically, man 
had to develop the steam engine, the internal combustion engine, the steam 
turbine, the Diesel engine and the airplane, with their attendant back- 
ground of technology, before he was ready to tackle with success the simple 
ideas inherent in the original caloric engine. 

The Future of the Gas Turbine.—The successful prime mover represents a 
compromise between a great variety of conflicting considerations, of which 
the thermodynamic efficiency is only one and not always the most im- 
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portant. Reliability, cost, weight, space, maneuvering ability, ease of 
manufacturing and maintenance and fuel requirements are examples. The 
situation is exemplified by such extremes as the modern aircraft engine, 
weighing less than a pound per horsepower and requiring the utmost in 
manufacturing precision and fuel specifications, as contrasted with a 
modern steam plant, weighing perhaps 200 pounds per horsepower but re- 
quiring only moderately complicated manufacturing facilities and capable 
of burning the lowest grades of coal. Both of these solutions represent the 
designer’s interpretation of the optimum compromise of all factors. Neither 
can be regarded as superior to the other, although it is certain that both 
could benefit from exchanges of the two points of view. 

The gas turbine represents a compromise between the steam power plant 
and the internal combustion engine. It is hoped that it will have the 
superior qualities of maintenance possessed by the former and the efficiency 
characteristics of the latter. Up to the present time the successful gas tur- 
bines have operated on Diesel fuel, but there is promise of satisfactory per- 
formance on lower grades of oil. Experiments are now under way to burn 
coal directly in at least one locomotive application. If this should eventu- 
ally become successful, the gas turbine would have gained an enormous 
potential field of application. 

One of the most important cheenualinine of the gas turbine, in compari- 
son with both the internal combustion engine and the steam power plant, is 
that it does not normally depend upon large quantities of cooling water. 
This may become of great importance in districts such as-the American 
Southwest and will always weigh heavily in locomotive applications. 

In its present form, the gas turbine is not easily made reversible, which 
is one of its major drawbacks. Applications to ships and locomotives are 
thus planned for electric drive, while some marine applications are planned 
with adjustable pitch propellers. 

Active developments of gas turbines for stationary power plants, 
locomotives and ships are under way in many countries. Switzerland is 
still leading in these fields, followed by England and the United States. 
The total construction is still relatively small in terms of general power de- 
velopments, but the pace is significant in comparison with earlier prime 
mover developments. According to an estimate made recently by the 
Gas Turbine Division of the American Society of Mechanical Engineers, 
the total capacity of gas turbines, including those under construction, is 
twenty-seven plants, totaling about 200,000 kw. for stationary power appli- 
cations, and twenty-seven plants, totaling about 100,000 hp. for locomo- 
tives and ships. Perhaps the most significant is the American develop- 
ment of two coal burning locomotives, which, if successful, will have great 
influence upon future locomotive construction. 

It is not expected that the gas turbine will invade the automotive field, 
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at least in the near future. It is not easily adapted to power plants of small 
capacity, although successful developments in this direction are not wholly 
improbable. Should such a development take place, it would have a far- 
reaching influence upon the business of refining crude oil. Gasoline is not a 
particularly suitable fuel for gas turbines, and most of the refinements 
peculiar to the internal combustion engine would cease to have any value. 
The air forces are already confronted with this problem. 

The discovery of atomic power is often considered to have the most far- 
reaching effects of all upon the prime mover field. So far, however, atomic 
energy is merely another fuel, the use of which is subject to the same limi- 
tations in its conversion to power as any other source of heat. No facts 
have yet been revealed which would suggest a change in this situation, and 
there are at present many sources of low-grade energy which could compete 
commercially with atomic power. Rapid progress is certain in this field, 
however. No definite information is available as yet to indicate whether 
the steam power plant or the gas turbine is preferable for the utilization of 
atomic heat. Both may be used. 

So far, the gas turbine has completely revolutionized only one field, that 
of aircraft propulsion. Here the potentialities of the new prime mover 
have already been seized upon by the airplane designers, and the major 
undertakings on the border of capacity and speed are already wholly outside 
the range of the internal combustion engine. The disappearance of the in- 
ternal combustion engine for large powers at high speeds is therefore only a 
matter of time. 

To avoid misunderstanding, it is necessary to point out that, at the 
moment, the internal combustion airplane engine alone has been developed 
to the adequate state of reliability, and so far it is the only type of engine 
which can be quickly produced in large quantities. For some time, there- 
fore, it will be necessary to retain the internal combustion engine, particu- 
larly for long-range applications. 

As the development can be visualized at the present time, the aircraft 
power plant will exist in the following versions, depending upon the flight 
speed. For the lowest speeds, the piston engine, driving a propeller, will 
remain. . Beyond this range and up to about 500 miles per hour, the turbo 
prop appears to be the most logical for all long-range aircraft. Beyond this 
and into the supersonic range, the turbo jet has its best field of application, 
with the modification known as the ducted fan preferable for long range. 
The ram jet will have its field of application for the extremes in speed prob- 
able only in missiles. 

When it is considered that each one of these four versions of gas turbine 
applications will require systematic programs of applied research in fluid 
mechanics, thermodynamics, mechanics and metallurgy, and the solution 
of wholly new manufacturing, production and testing problems, the impli- 
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cations of the new developments are staggering and beyond immediate com- 
prehension. But the social implications are even greater. Mr. Churchill 
in The Second World War refers to “‘the unlucky discovery by an immature 
civilization of the internal combustion engine and the art of flying.” The 
internal combustion engine was but an intermediate step. The implica- 
tions of the new prime mover when fully developed, if used with equal lack 
of judgment, will make the mischief done by the internal combustion engine 
seem like the pranks of immature boys. 


* It is a curious fact that a hot air engine of nearly the original Stirling design has 
récently been brought out in Holland with impressive claims for its merits. Its real 
significance is yet to be appraised. 


NEW FACTS ON SEX DETERMINATION IN DROSOPHILA 
MELANOGASTER 


By RIcHARD B. GOLDSCHMIDT 
DEPARTMENT OF ZOOLOGY, UNIVERSITY OF CALIFORNIA, BERKELEY 
Communicated May 3, 1948 


According to the text books sex determination in Drosophila is com- ' 
pletely understood: a series of female determining factors in the X- 
chromosome are balanced against a series of male determiners spread all 
over the autosomes. Leaving aside the problem of the female determiners, 
it must be stated that thus far neither a single autosomal male factor nor a 
group of them has been discovered although their existence was assumed on 
the basis of the occurrence of triploid intersexes of the constitution 3A2X 
(see discussion below). In the course of work on heterochromatic heredity 
(to be presented in detail soon) facts were found which lead a considerable 
step forward toward the understanding of sex determination in Drosophila. 

In the work mentioned (the analysis of the podoptera effect) it was found 
that the dominant mutant Beaded (Bd 3—93.8) is probably a mutant of a 
heterochromatic section (as opposed to the ordinary euchromatic mutants) 
and the same conclusion was drawn for the Minutes. In the course of the 
analysis Beaded was combined with a third chromosome Minute (M(3)w). 
It turned out that all flies containing both dominants in heterozygous con- 
dition (both are homozygous lethals) showed 100% dominance of Bd in- 
stead of the 5% found approximately in Bd/+; furthermore, a considera- 
ble percentage of the males were intersexual. Subsequently Bd was com- 
bined. with a number of Minutes in all autosomes. The results are sum- 
marized in table 1. Only in No. 11 with M(2)/ 2 and No. 14 with M-4 were 
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TABLE 1 
F, ¢? Bp anp M 





LOW at HIGH EXTR, 
COMBINATION GEN. MOTHER + INT. INT. INT. INT. 
1. Bd/M(3)36c F, Bd 100? a few? 
- — 

2. Bd/M(3)w -F, Bd 51 49 

3. Bd/M(3)w FM 33 25 34 8 

4. Bd/M(3)w F, BdXXY 54 11 2.18 

5. Bd/M(3)S34 F, Bd % 5 ie 
Se 

6. Bd/M(3)B? F, Bd 62 38 

7. Bd/M(8)S37 F, Bd 9 29 29 33 

8. Bd/+M(2)i/+ (apxDf) KR Bd 4 9 58 33 

9. Bd/+ M(2)173/+ F, Bd 74 11 13 2 

10. Bd/+ M(2)S7/+ F, Bd 48 14 20 «18 

11. Bd/+ M(2)i2/+ F, Bd 100 

12. Bd/+ M(2)S13/+ F, Bd 82 * eee 

13. Bd/+ M(2)B/+ F, Bd 97 (1.5 1.5 

14, Bd/+ M(4)/+ F. Bd 100 


all males with both dominants normal (though the Bd dominance effect was 
the same, namely, 100% dominance in all cases). All other Bd M combina- 
tions produced intersexual males. In all these F,; crosses the segregating 
Bd/In, M/In, etc., served as controls (Bd and M lines are balanced over 
inversions). The intersexes all had the sex comb or rudiments of it. They 
were classified for the genital armature which varied from the absence of 
the penis to almost female structure. In the highest grades of intersexual- 
ity found the abdomen was also more or-less female in shape, and prelimi- 
nary dissections left no doubt that male intersexuality was involved. In 
some combinations, e.g., Nos. 1, 12 and 13 only a small percentage of the 
males were intersexual. In others, about one half of the males were inter- 
sexual (Nos. 2, 3, 4, 6, 10). Once (No. 7) the majority of the males were 
intersexual, and twice (Nos. 5, 8) all males were intersexual and all ex- 
hibited the high classes of intersexuality. All these results were constant 
in repeated crosses. It should be added that the higher the average degree 
of intersexuality the lower the viability of the Bd M males as compared 
with the controls. In the most extreme cases (Nos. 5, 8) the number of 
Bd M males was very small in the individual one pair crosses, and they 
emerged on the 18-22d day after all other flies had hatched. As the table 
shows, there is no basic difference between second and third chromosome 
Minutes. In combinations with either group all degrees of variation in the 
percentage and mean degree of intersexuality were represented. 

The important question is the necessity of Bd for the effect observed. 
Combinations of a considerable number of Mittutes were made so that one 
male carried two different Minutes. Among thousands of normal malés a 
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few (4) flies were found with abnormal genitals, and these differed from 
typical intersexes. Thus it is almost certain that Bd is needed for the pro- 
duction of intersexuality. Further experiments are planned to confirm 
these findings. A series of dissections of the abnormal males will be needed 
to establish their exact nature. 

If Bd M pushes the male determination in the female direction, this must 
mean that the action of the male determiners has been weakened. If this 
is the case, females containing Bd M should be more female, i.e., incipient 
hyperfemales. Actually in the most extreme combinations (Nos. 5, 8) the 
females regularly showed abnormalities of the abdominal tip, as well as fre- 
quent absence or different abnormalities of the anal plate. Although these 
features do not resemble those of triplo-X hyperfemales, I consider them as 
signs of hyperfemaleness, pending a more detailed anatomical study. 

It was assumed as a working hypothesis that Bd has the decisive action 
but that the addition of a Minute is required to push the developmental 
system over the threshold of the normal sex balance. (Many other domi- ‘ 
nants were combined with Bd with negative results.) If this is true, a 
second Minute might still increase the degree of intersexuality as a kind of 
dosage effect. Therefore, a number of combinations of Bd with both a 
second and third chromosome Minute wete made using the standard bal- 
anced stocks. This requires crossing Bd with a second chromosome Min- 
ute, and crossing extracted Bd M phenotypes with a third chromosome 
Minute. Three classes of flies, simultaneously Bd and M, are thus pro- 
duced only one of which is Bd M(2) M(3). This class cannot be distin- 
guished in these crosses. (The experiments will be repeated after appropri- 
ate markers have been introduced.) Thus the results assembled in table 2 


TABLE 2 
o' Bp PLus Two MINUTES IN SECOND AND THIRD CHROMOSOMES 


COMBINATION MOTHER ob LOW MED. HIGH EXTR.INT. 
Bd-M(3)w-M(2)S13 M(3)w % 8§ 6 8 Ss 
Bd-M(3)w-M(2)S13 Bd/+ M(2)213/+ 51 6 10 23 10 
Bd-M(3)w-M(2)/2 Bd/+ M(2)i2/+ 56 8 20 16... 
Bd-M(3)w-M(2)B Bd/+M(2)B/+ 67 .. .. 88 
Bd-M(3)w-M(2)1 Bd M(3)w/+ Paneer saa 

alike 55 55155). nt ede uit ht i 
(b) Bd M(3w)/+ M(2)l//+ ws eee eee Sees OS 


for Bd M males are those for all 3 combinations together, i.e., Bd M(2) 
M(3), BdM (3) and Bd M(2). The positive result, i.e., further shifting 
toward femaleness in Bd M M can be seen in the fact that not only are the 
high-grade intersexes preponderant, but that a still higher class, not re- 
corded in Fi, appears in considerable numbers. There is one cross re- 
corded in this table (the last one) which permits comparison of Bd M with 
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Bd M M flies because the mother was a crossover fly with Bd and M(3)w in 
the same chromosome. This female was crossed to M(2)1/Cy. The Bd 
M Cy flies are therefore Bd M(3)w/+ and the Bd M not Cy flies are 
Bd M(3)w/+; M(2)//+. The result (a and b) shows convincingly a 
shift toward more intersexuality in the presence of both Minutes. 

When F, and backcrosses were made involving Bd and M(3)w, it was 
first noticed that the Bd effect upon the wings was greatly increased in some 
combinations but not in others. This is an unexpected result since recom- 
binations of modifiers should have been identical for the crosses. In fol- 
lowing up this result it was realized that the percentage and grade of inter- 
sexual males differed according to the genetic constitution of the mother. 
If the mother of a backcross was Bd or M, the result was similar to that ob- 
tained in F;. If the mother was Bd/M or Bd M/-+, the grade and per- 
centage of intersexuality were considerably increased regardless of whether 
the father was Bd, M, M/Bd or wild type, the latter mating with a cross- 
‘over mother. Table 3 contains the relevant data. .A glance over the high 





TABLE 3 
R F,, etrc., Bb AND M WITH DIFFERENT MOTHERS 
— % ?@ BoM 
Cross MOTHER + LOW MED, HIGH EXTR.INT. 

Bd/M(3w) X Bd Bd/M(3)w eee Jo Ss 
Crossover Bd M(3)w/+ X 

Flor Bd M(3)w/+ 9 9 82 
Bd/M(3)w X Bd Bd/M(3)w Bare fen a 
Bd/M(3)w X Bd/M(3)w Bd/M(3)w a ee ee ee 
Bd/M(3)w X M(3)w Bd/M(3)w een 6 67 whe 
Bd/M(3)w X Bd Bd/M(3)w a+ 8 30 650 12 
M(3)w X Bd/M(3)w M(3)w 31 Tt sun ni 
M(3)w X Bd/M(3)w M(3)w an. 34. 20: Ae 
M(3)w X Bd/M(3)w M(3)w on... Tt... 22. 26 i 
All F,, RF, etc., Bd/M(3)w Bd or M _— is: os oe Me (n = 425) 
All F,, RF), etc., Bd/M(3)w Bd/M 6 ‘fee * eee 12 (n = 208) 


intersexuality classes shows clearly the result and a summary of all crosses 
of both types in the last two lines is very convincing. These facts can mean 
only that the genetic constitution of the egg before the maturation divisions 
is of importance, i.e., that the action of the male determiners occurs at least 
in part in the growing egg by conditioning its cytoplasm, in this case toward 
weakened maleness. This result was thus far obtained only for this one 
combination (Bd and M(3)w) and will have to be checked for the other 
Minutes. 

Discussion —The first problem is that of interpreting these results 
genetically. Is the +™4 section of the third chromosome a male sex de- 
terminer which, if changed by mutation to Bd, is weakened in its male 
determining function? Are all the +™ loci in the second and third chromo- 
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somes male sex determiners which are again weakened by the M mutant? 
Is the weakening of all these loci individually not enough to push the sex 
balance below the male threshold; and is it strong enough only at the Bd 
locus so as to allow a small additional push (the added M) to shift it below 
the threshold? The experiments, as far as they go at present, do not permit 
a decisive answer. But the fact that male sex determiners have been con- 
fined to the third chromosome by Mrs. Pipkin (see below) and the recent 
work of Sturtevant (see below) favor the assumption that the +®4 region 
of the third chromosome acts as a major male determiner. If this is the 
case, a Bd allele might be found which acts exactly as the Bd M combina- 
tion does in our case. (It is remarkable that the only Bd allele which I 
could test thus far, namely Bd°, most extreme in wing effect and pene- 
trance, does not show any sex effect in combination with the Minutes. One 
might think that Bd© changes the locus in the opposite direction from Bd.) 

The Minutes are characterized by acting more or less alike in regard to 
phenotypic effect and lethality. Many of them are visible deficiencies and 
the rest may be deficiencies also, but on a submicroscopic level. Many of 
them prolong development at a certain larval stage. Thus we may assume 
that their action upon development is generalized and that they should not 
be thought of as mutants of a male determining chromosome section. It is 
possible that their collaboration with Bd is based upon their effect on the 
speed of development. The pronounced effect of the M(2)/ deficiency is a 
point in favor of this assumption and will be tested in subsequent work. 
As the yet unpublished work on podoptera points to a heterochromatic 
nature of both Bd and M sections, my present working hypothesis is that 
the so-called male determiners in D. melanogaster are identical with an 
intercalary section of heterochromatin around the Bd locus; further, that 
the action of this section requires its presence in entirety; that a change in 
it (deficiency?) weakens its male determining action; that other hetero- 
chromatic deficiencies can change the entire developmental system, i.e., 
the properly balanced speeds of the integral reactions so as to lower the 
male action below the normal threshold. If these assumptions should turn 
out by further work to be correct, it would follow that what have been 
called female determining genes in the X-chromosome will prove to be some 
of the intercalary heterochromatic sections of the chromosome. I have 
already tried to produce effects upon the female sex paralleling those re- 
ported here for the male sex, but, thus far, without success. 

Returning once more to the introduction of this paper, I should like to 
draw attention to the following. Since Bridges found triploid intersexual- 
ity (which had been discovered by Standfuss in moths), it has become custo- 
mary among Drosophila workers to say that sex here is determined by the 
balance between the determiners in the X and those spread over the auto- 
somes; the reason being that the use of the triploid technique demonstrates 
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only the total effect of all autosomes. But it has been shown subsequently 
that the fourth chromosome does not contain male determiners, and recent 
work of Sarah Bedichek Pipkin (1947) has completely ruled out the second 
chromosome for D. melanogaster as far as sex determining action is con- 
cerned. I wonder whether the future will not reveal Sturtevant’s dominant 
strong male factor of D. neorepleta (see below) and the section involved in 
this study of the third chromosome in D. melanogaster as the male deter- 
miners of Drosophila. 

A second part of this discussion is prompted by the reawakening of inter- 
est in the réle of the cytoplasm in heredity and the relation between genic 
action of the chromosomes and the cytoplasmic substratum, including 
also the visible and biochemical exchanges between nucleus and 
cytoplasm. It is not my intention to review the old literature in these 
fields. The genetical aspect, as it appeared before the recent discoveries in 
lower organisms, has been discussed in my ‘‘Physiological Genetics.’’ The 
Cytological and cytochemical facts connected with the terms chromidia, 
trophochromatin, etc., prior to the recent work of Brachet, Caspersson, and 
others, are found in Wilson’s “‘The Cell.’’ The point to be emphasized here 
touches essentially still another relationship, namely, that between nuclear 
determinants, cytoplasm and embryological determination. One aspect of 
this problem is involved in the phenomenon of maternal inheritance which 
was discovered for certain colors of the silkworm egg by Toyama (1909) (see 
also Tanaka, 1924). Maternal inheritance is Mendelian inheritance of an 
egg-character determined prior to fertilization and resulting in an apparent 
shift of Mendelian behavior by one generation and maternal behavior in 
what appears as F;. The best analyzed cases are Boycott and Diver’s 
analysis of right-left-handedness in snails (1930) (the correct interpretation 
was first suggested by Sturtevant, 1920) and the analysis of hereditary 
gynandromorphism via double fertilization in the silkworm, by Gold-. 
schmidt and Katsuki (1927 ff.). Both egg color and gynandromorphism in 
the silkworm are clear-cut effects of a recessive mutant upon an egg charac- 
ter, i.e., pigment formation in one, and specific behavior of a polar nucleus 
in the other instance. But some of Toyama’s studies indicate that the 
effect of the mutant locus upon a cytoplasmic chemical process is continued 
beyond fertilization into early development. In the case of the snails the 
maternal influence is still more prolonged. The mutant here affects a molec- 
ular pattern of the cytoplasm, visible in the arrangment of the division 
spindle. It is possible that the dextrality or sinistrality of the subsequent 
development affecting the entire body is nothing but a mechanical conse- 
quence of the arrangement of the first blastomeres. But it is also possible 
that the genetically controlled molecular pattern of the protoplasm con- 
tinues and actively influences the developmental pattern. I am not aware 
of any information deciding these alternatives. 
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The most extreme situation of such a nature has been found in the realm 
of sex determination. I showed (1912-1920) that, in the gypsy moth, sex 
(or intersexuality) is determined by the balance between male determiners 
in the X-chromosomes and female determiners inherited purely maternally. 
Because cases were found and analyzed experimentally which could not be 
explained except by non-disjunction of the sex chromosomes, it was con- 
cluded that the female determiner was located in the Y-chromosome. As 
the female is here the heterogametic sex, males never have a Y-chromosome 
although each egg contains a Y before meiosis. But all grades of male 
intersexes are produced in specific crosses, and since this involves produc- 
tion of female features in all organs including those of very late differentia- 
tion,‘ the potency for the reaction determining femaleness and even its 
specific dosage must be present throughout development. Therefore, the 
Y-chromosomal factor must have conditioned the egg cytoplasm before 
fertilization for such subsequent action as is revealed in the female deter- 
mining processes of development and their share in the sex balance. When 
I first discussed these consequences (1920), I realized that, at that time, it 
was difficult to accept such a conclusion.* Today, after the recent work on 
infusoria, there are no mental difficulties left. 

Our old conclusions, based thus far only'on Lymantria, which seemed to 
be a unique case, have now found unexpected support since Sturtevant 
(1946) found facts in Drosophila which parallel completely, mutatis mutan- 
dis, those in Lymantria both as regards the workings of the sexual balance 
and the réle of the cytoplasm. (1) Intersexuality is produced by crosses 
between geographically different oecospecies (in Lymantria distant geo- 
graphic races). (2) Female intersexuality is the result of an unbalance be- 
tween a strong male determiner from D. neorepleta with two weak female 
determining X-chromosomes from D. repleta. (In Lymantria the male is 
homogametic, therefore all sexes are the opposite of Drosophila, i.e., the 
same result applies to intersexual males in Lymantria.) D. neorepleta and 
D. repleta thus behave like strong and weak races in Lymantria. (3) While 
in Lymantria the non X-chromosomal factor is located in the Y-chromo- 
some, it is an autosomal dominant in these Drosophila species because the Y 
is here inert. Nevertheless, the autosomal dominant acts, just as the Y in 
Lymantria, upon the egg before fertilization. Here actually the autosomal 
factor has a chance to act later in development as it is present in all female 
eggs (as opposed to the Y in Lymantria), but the experiments show the 
remarkable fact that it does not do so, but acts only before fertilization just 
as the Y in Lymantria. Now we know from the facts of gynandromor- 
phism that X-chromosomal sex factors can act at any point of the life cycle. 
This shows the Lymantria type of balance (namely, balance between the 
X-chromosomal factors and those outside of the X-chromosomes, Y or 
autosomal, which again requires one of the sex-determining reactions, that 
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corresponding to the heterogametic sex, to occur before fertilization, i.e., 
via the egg protoplasm) to be a widespread if not a universal type. 

Thus it is especially remarkable that we find the same situation again in 
D. melanogaster (table 3). The importance of such facts for an under- 
standing of the respective réle of nucleus and cytoplasm in development is 
obvious. 


* Actually I tried later to show that cytoplasmic inheritance might be preferable to 
that in the Y-chromosome. I have since shown (1942) why the original analysis must 
stand. 
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PIGMENTS OF YELLOW-EYED RACES OF THE BLACK- EYED 
SUSAN (RUDBECKIA HIRTA)* 


By STANLEY G. STEPHENS AND ALBERT F. BLAKESLEE 


CARNEGIE INSTITUTION OF WASHINGTON, CoLD SPRING HARBOR, LONG ISLAND, AND 
SmitH CoLLEGE GENETICS EXPERIMENT STATION, NORTHAMPTON, MASSACHUSETTS, 


Read before the Academy, April 26, 1948 


In 1921 one! of us reported on the breeding behavior of two genetically 
distinct types of yellow-coned plants in the Black-eyed Susan which nor- 
mally has cones with purple florets. It was shown that the two types, 
though phenotypically alike, could be separated into Black Yellows and 
Red Yellows by the fact that the cones of the former turn black when 
treated with alkali and those of the latter turn red when similarly treated. 
The first of our Black Yellow plants came from open pollinated seed from a 
purple-coned plant collected from the wild in the neighborhood of Storrs, 
Conn., in 1910. No Black Yellow plant had been found in nature since then 
until this past summer when a single yellow-coned plant was discovered at 
Saratoga Springs which by later test proved to be a Black Yellow. Red 
Yellows had been earlier found in two localities near Storrs. In one, about a 
mile from the University of Connecticut, only a single plant was observed. 
In the other locality, 6 or 7 miles away, several Red Yellows were found 
within an area of not over an acre. Since these are the only wild yellow- 
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coned plants observed by the second author who for over 35 years has been 
interested in looking at fields of Rudbeckia, it can be concluded that yel- 
low-coned types are extremely rare in nature. 

So far as we are aware the present case was the first in which a sharp 
chemical distinction could be established between the genetic groups within 
a phenotype, although, theoretically, all complementary types should differ 
chemically. The discovery of a reagent which would distinguish the two 
genetic types was made by testing out a considerable number of chemicals 
at random without any knowledge of the chemical process that might be in-- 
volved. It is now possible to say something as to the chemical basis of the 
tests which were established empirically about 30 years ago. 

The chemical tests reported in the present preliminary paper were made 
by the first author (S.) with florets of the Black Yellow plant found in Sara- 
toga Springs and with those of Red Yellow plants which had segregated out 
of our horticultural types of tetraploid Black-eyed Susans. 

The sap-soluble pigments of plants fall into two main groups (@) antho- 
xanthins (flavones and flavonols, yellow or cream in color) and (6) antho- 
cyanins which are red, purple or blue. The two groups are easily separated, 
since the anthoxanthins are soluble, anthocyanins insoluble in Ethyl Ace- 
tate. The crude pigments are extracted from the flowers by grinding in 
dilute (1 per cent) HCl and filtering. The clear filtrate is fhen shaken re- 
peatedly with Ethyl Acetate, and thereby separated into two fractions, an 
E. A. fraction containing any anthoxanthins present, and an aqueous frac- 
tion which contains anthocyanins or leuco-anthocyanins (i.e., colorless an- 
thocyanin precursors). The two fractions may then be subjected to various 
colorimetric tests which have been summarized by Scott-Moncrieff.’ 

Black Yellow Type from Saratoga Springs.—With conc. (8N) KOH gave 
black color (Black Yellow type). A portion of untreated cone was ex- 
tracted with 1 per cent HCl and the filtrate exhaustively extracted with 
Ethyl Acetate. (Three successive shakings with equal bulk of Ethyl Ace- 
tate.) 

(a) Ethyl Acetate Fraction.—On evaporation to dryness on a water bath, 
a very small residue, creamy white in color, was obtained which when taken 
up in a small quantity of alcohol gave an almost colorless solution. On 
addition of a few drops of 1 per cent KOH a deep golden color was produced 

showing that an anthoxanthin was present. 

(b) Aqueous Fraction—This was quite colorless and gave no color re- 
action with dilute KOH. On boiling, with conc. HCl however, a deep 
purple red color was developed, showing that an anthocyanin precursor 
(leuco-anthocyanin) was present. 

Red Yellow Type (Tetraploid) from Garden Culture—With conc. (8N) 
KOH gave red color (Red Yellow type).. 

(a) Ethyl Acetate Fraction—This contained an anthoxanthin and in 
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rather larger quantities than in the corresponding fraction from the Black 
Yellow type. 

(b) Aqueous Fraction.—This was colorless and developed no red color 
on boiling with conc. HCl. There was therefore no leuco-anthocyanin 
present. 

Purple Cone Type (Tetraploid) from Garden Culture-——(a) Ethyl Acetate 
Fraction.—This was identical with the corresponding fraction from the Red 
Yellow and Black Yellow types, i.e., an anthoxanthin giving a golden 
yellow color with dilute KOH but possibly in rather smaller quantities. 

(b) Aqueous Fraction.—This had a magenta color due to the presence of an 
anthocyanin. Anthocyanins occur in the plant in combination with vari- 
ous sugar radicles, i.e., as glycosides. A quick method is available’ for de- 
termining the nature of the glycosides, depending on their partition between 
two solvents, water and iso-amyl alcohol. On shaking an aqueous solution 
of the anthocyanin under test with iso-amyl alcohol it may be classified in 
one of three groups: 


(1) Monoglycosides.—The anthocyanin is distributed between the aque- 
ous and alcoholic layers, and on dilution with water the concentration of the 
pigment in the alcoholic layer is increased. On saturating with NaCl the 
pigment is almost entirely-taken up by the alcoholic layer. 

(2) Pentose Glycosides.—On diluting with water the concentration of 
the pigment in the alcoholic layer is decreased, but on saturating with NaCl 
nearly all the pigment passes into the alcoholic layer. 

(3) Diglycosides and Biosides.—Very little pigment is taken up by the 
alcoholic layer and its distribution is but slightly altered on dilution with 
water or on saturation with NaCl. The anthocyanin of Rudbeckia belongs 
in this class. 

Anthocyanins give specific color reactions with various reagents, and can 
be differentiated on this basis according to Robinson’s method (summarized 
Scott-Moncrieff?). The anthocyanin from Rudbeckia gave the color re- 
actions which are summarized as follows: 


Sodium Sodium Sodium Ferric 
acetate carbonate hydroxide chloride 
Violet Violet-blue Pure blue Purplish-blue 


This combination of color reactions is characteristic of 3-glycosides of 
cyanidin (i.e., cyanidin in which the hydroxyl at position 3 in the pyran 
ring is replaced by a sugar molecule). The combined evidence from color 
reactions and partition between aqueous and iso-amyl alcohol solvents 
suggests that the pigment is probably cyanidin 3-bioside. To confirm this 
it will be necessary to examine the hydrolyzed pigment spectrophoto- 
‘metrically and compare its absorption with the known spectral absorption 
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of cyanidin, and to determine the nature of the sugar residue by standard 
chemical methods. 

Miscellaneous Observations.—There is a suggestion that the Purple and 
Black Yellow types which contain an anthocyanin and a leuco-anthocyanin, 
respectively, contain less anthoxanthin than the Red Yellow types. This 
would be in accordance with general experience in other genera where a 
negative correlation between anthocyanin and anthoxanthin concentration 
has been established, leading to the hypothesis*~‘ that both classes of pig- 
ments are derived from a common precursor, which is produced in rather 
limited quantity. In the present casé the evidence is not critical since the 
flower types examined differ in chromosome number, and probably are con- 
siderably differentiated genetically as well. 

The nature of the anthoxanthin pigment cannot be determined without 
chemical analysis of larger amounts of material than were used in the 
present studies since small scale qualitative tests, such as have been de- 
veloped for anthocyanin determination, are not available. However, 
since the anthoxanthin extract did not yield an anthocyanin pigment on 
reduction with zinc and hydrochloric acid, it probably does not contain 
glycosides of quercetin, which can be reduced to cyanidin under these con- 
ditions. 

A Chemical Explanation of the ‘‘Black Yellow’’ and ‘‘Red Yellow’ Reactions 
with Strong Alkalt.—Red Yellow cones were macerated in 8N KOH. The 
calyces developed a deep orange-red color, and the extract was orange. On 
acidifying with conc. HCI, the color was discharged. On adding Basic Lead 
Acetate and boiling, a deep orange precipitate was obtained—a character- 
istic reaction of anthoxanthins. It is clear that the orange-red color ob- 
tained on treating Red Yellow cones with strong alkali is due to the antho- 
xanthin previously found to be present in the Ethyl Acetate fraction de- 
scribed earlier in this paper. The orange-red color is merely due to the 
extreme concentration of the anthoxanthin in the calyces of the disc florets; 
the extract is orange or yellow in color depending on the dilution. 

Black Yellow cones yielded a greenish yellow extract on grinding with 
8N KOH. This was probably due to a mixture of anthoxanthin (orange- 
red) and leuco-anthocyanin which had been partially converted to antho- 
cyanin (blue in alkaline solution). Continued grinding failed to leach out 
any darker pigment, and the color of the calyces faded showing that the pig- 
ment was being removed, but the extract remained greenish yellow. Pre- 
‘vious experience’ with certain flower types in Gossypium which contain a 
leuco-anthocyanin but no anthocyanin, had shown that under certain 
conditions of extraction the leuco-anthocyanin was unstable, and that when 
extracts were made by boiling the petals with 1 per cent HCl, the leuco- 
anthocyanin was partially converted to an anthocyanin, since the extracts 
gave green colors with alkalies changing to pink on re-acidifying. On the 
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basis of this previous experience the Black Yellow cone was extracted by 
boiling with 1 per cent HCl. The extract was cooled and a few drops of 
strong KOH added. A green color was immediately produced, i.e., the ex- 
tract behaved as if it contained a mixture of anthoxanthin (yellow) and 
anthocyanin (blue) pigments. On standing, the blue color faded leaving 
the golden yellow color characteristic of the anthoxanthin. When the alka- 
line solution with a green color was acidified by adding conc. HCl drop by 
drop, the green color turned to pink which also was unstable on standing. 
A pink color would be expected for ay acid solution containing a mixture of 
anthoxanthin (colorless) and anthocyanin (red). Why the anthocyanin 
produced from the leuco-anthocyanin should be stable in the plant tissues 
but unstable on extraction is not known. It seems clear, however, that the 
black color produced by treating the cones with strong alkali is due to the 
superposition of orange-red (from the anthoxanthin) on blue (from the con- 
verted leuco-anthocyanin), and is therefore in conformity with the pigments 
obtained in the 1 per cent HCI extracts described earlier. 

Conclusions—The Black Yellow type of Rudbeckia is able to produce a 
leuco-anthocyanin which is concentrated in the central cone of the flower. 
Cones of the Red Yellow types do not contain a leuco-anthocyanin, but 
presumably this type carries a gene which is able to convert the leuco-an- 
thocyanin, as the genetic combination, Black Yellow/Red Yellow, is pheno- 
typically purple-coned and contains an anthocyanin. The anthocyanincon- 
cerned is probably—subject to confirmation by more detailed methods—a 
bioside of cyanidin. 

Our tests show that there is more than a single gene controlling cone color 
in Rudbeckia. They also give some indications of the chemical steps in- 
volved in the formation of the purple pigment. The dominant allele (RY) 
of the red-yellow gene controls an essential chemical step in the gene re- 
actions leading to the production of the leuco-anthocyanin. The dominant 
allele (BY) of the black-yellow gene controls a later step which converts the 
leuco-anthocyanin to an anthocyanin and its action is therefore dependent 
on the presence of (RY). When the latter is absent, the production of both 
leuco-anthocyanin and anthocyanin in the flower-cone is blocked. On this 
basis, it would be expected that the double recessive in a 9:3:4 ratio of an 
F, between black-yellow (by) and red-yellow (ry) would react as red- 
yellows. This appears to be the case. Our earlier records' show 158 
purple-coned plants to 97 with yellow cones in an F; population, which is 
close to the expected 9: 7 ratio. By the use of KOH the yellow-coned 
types were resolved into 43 by to 52 ry. The expectation on a 3:4 ratio 
is 40.7:54.3: +3.25. The agreement is close since the deviation is less 
than the probable error. 

The accompanying diagrams may help in an understanding of the re- 
lationships between the different cone colors. 
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Red Yellow Red Yellow Black Yellow Purple Normal 
(double recessive) 
ryry byby ryry ByBy RyRy byby RyRy ByBy 
cannot produce leuco- cannot produce leuco- has leuco-anthocyanin Produces both 
anthocyanin anthocyanin cannot produce antho- leuco- and an- 
cyanin thocyanin 
RY BY 
Anthoxanthin —Leuco-— —Anthocyanin 
ry blocks this reaction by blocks this reaction 
producing Red Yellows producing Black Yellows 


It seems likely that the chemical mechanism described in this paper, 
whereby two acyanic mutant flower types produce a cyanic ‘‘riormal’’ type 
in combination, may be of rather general occurrence. Superficially similar 
cases have been reported in Lathyrus,® Antirrhinum’ and Cheiranthus,* and 
it would be of interest to know whether in these genera also, one of each pair 
of complementary acyanic flower types contains a leuco-anthocyanin. In 
Gossypium a very similar case has recently been examined? in which, as in 
Rudbeckia, one acyanic flower type carries a gene controlling the presence of a 
leuco-anthocyanin, and its complementary acyanic type a gene which con- 
verts the leuco-anthocyanin to an anthocyanin. Furthermore, unpub- 
lished studies have shown that the leuco-anthocyanin in Gossypium is in- 
timately related not only to the anthocyanin but also to the anthoxanthin 
pigments, since its spectral absorption is identical with that of the colorless 
intermediate reduction product obtained on reducing the anthoxanthin, 
quercetin, to the anthocyan pigment, cyanidin, im vitro. Apart from 
its intrinsic genetic interest, therefore, it is probable that a continued study 
of these and similar complementary acyanic flower mutants may lead to the 
discovery of other blocks in the syntheses of anthocyanins and anthoxan- 
thins and so yield much valuable information on the natural interrelation of 
these pigments in the plant. 

‘Summary.—The following flower cone types are known in Rudbeckia 
hirta: Purple (BY RY), Black Yellow (by RY), so-called because florets 
turn black in strong alkali, and Red Yellow (BY ry and by ry), which turn 
red in alkali. Chemical studies of the pigments involved have shown that 
Purple Cone contains an anthocyan pigment, cyanidin; Black Yellow a 
leuco-anthocyanin convertible to cyanidin in vitro; and Red Yellow con- 
tains neither leuco-anthocyanin nor cyanidin. The flower cones of all 
types contain a yellow anthoxanthin pigment. Genetic and chemical find- 
ings are consistent with the hypothesis that the gene, RY, is responsible for 
the production of the leuco-anthocyanin, and the gene, BY, for its further 
conversion to cyanidin. The first step is blocked when RY is replaced by 
ry, and the second step is blocked when BY is replaced by by. 
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APPLIED MATHEMATICS, UNIVERSITY OF TEXAS 


Communicated April 7, 1948 

In another paper! one of the authors stated that he had arrived at 
limits, both inferior and superior, for the number of solutions of the equa- 
tion 
. C147 Co? +... + CeXs"* + Cop = 0 (1) 
in the x’s where a’s are integers such that 0 <a < p* — 1; s22forces1 #0 
and s> 2 for c,+1 = 0, the c’s being given elements of a finite field of order 
b", p prime, which will be designated by F(p”"); and 


Cy... Coy... Le 0. (2) 


As a consequence of this result, one can obtain 

THEOREM I. The equation (1) with the restriction (2) always has at least 
k solutions in the x’s for k any given positive integer provided p” exceeds a 
certain limit. 

In this paper we shall give two quite different approaches to establish 
this theorem. The first is closely related to the one previously mentioned 
and the other argument, although subject to the limitation s > 2 when 
Cs+1 ¥ 0, is far simpler and is based on a method" which was introduced 
by one of the authors in the study of generalized Gaussian sums over a 
finite field. 

The limit given here can be sharpened, and the proof of this will be 
published later. 

Elsewhere? it was shown that the exact number of solutions of (1) may 
be determined directly if we know the exact number of solutions of 6, 
o”8. of the equation 
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grime + pitmb + 1 = 0 (3) 


for each i and j; 6 being a primitive root of F(p"); (p" — 1, ai) = d, 
a= 1,2, ..., 5; mis the’L.C.M. of d,, d2, ...,d,. Further in this argu- 
ment some or all of the a’s may equal p” — 1. To prove this we employed 
formulae (5), (12) and (15) of the paper just mentioned and all of these 
contain positive terms only. 

We may adapt this method, however, to finding limits from the number 
of solutions of (1) by first finding limits for the number of solutions of (3) 
and then employing (5), (12) and (15) of the previous paper.’ 

In the latter the formulae 

Aw = (c — 1)? + c(m — 1); An = An = c? — ¢, 
An = cs h# k; An =o —¢ (4) 
h # 0 (mod m), k # 0 (mod m), p” = 1 + mc 


are derived; where 


0tom—1 


t,J 
and [2, 7] is the number of different pairs r and ¢ in the set 0,1, ...,c — 1 
which satisfy the equation 
: 1 + ptm = iti: p" — 1 = cm. (5) 


If {z, 7} denotes the number of solutions of (3) then we note that 
[¢,j] = {4,7 + ¢}, (6) 
where ¢ =.ind (—1), with x = 64*, We have 


0tom—1 - Otom—1 


 (m'f,j)— po")? = DL (mf, 7)? — 2m*pli, j]) + pm? 
tJ 4,J 
which gives, after employing (4) on the right as well as the known relations 


Bjl=Vtet+e = (-ites-—s =f -7 +4 —-j) =[-4 
j-—i=G-t+4 the 48] © 


(+ q)# wale (GB - Ze) 4 


where 





1 _ 
= — V p*(m? — 3m + 2) + 3m + 1. 


Here d is the number of different pairs in (7) in the sense that [h, k] is 
different from [;, k,] if kh # hi, or k # k; (mod m). 
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The use of (8) with (6) of this paper and (5), (12) and (15) of the former 
paper yield superior and inferior limits for the number of solutions of (1), 
and we obtain a proof of Theorem I. 

For the second proof of Theorem I (except for s = 2 with c+, # 0) we 
proceed as follows: 

Any element a of F(p") may be written uniquely in the form, if 6 is a 
primitive root in F(p"), 


a=ada+d6+ ... + dy" = h(0) (9) 


where the d’s are in the included field F(p). Now @ satisfies an irreducible 
equation f(x) = 0 of degree m with coefficients in F(p) and whose roots 
are 0;, 02..., On, with 6, = 6. Set (here ¢r is short for trace) 


dA(6:) = tr h(6). 
i=1 


We shall now prove 
Lemma 1. If { = er=/>, then, forn <p, 


PERE * for t ¥ 0 
aeF (pn) p” for t = 0. 


This statement is obvious for = 0. For ¢ ¥ 0, at ranges ovey all the 
elements of F(p"). Hence it is sufficient to prove that 


(10) 


p-1 p-1 n-1 /p-1 3 
gga oe 2, eek DS Et IT (= poe) = 0, (11) 


where 
T = tr(dg + d0+ ... + dy-16"-). 


There is one of the 7’s such that » does not divide tr(@). For, if the con- 
trary is true then ir(6‘) = Oforal0 SiS n-— 1. Since 6, = 8, satisfies 
(x) = 0 of degree m as do also 42, ..., 0, then Newton’s relations between 
the elementary symmetric functions of these roots and the sum of the 
fith powers of said roots give easily 6" = c, with c in F(p). This yields 
6" ®-) = 1, contradicting the definition of 6 as a generator of F(p") for 
n> 1, since p* — 1 = (p— 1)(p* '+ ...+1) >n(p— 1). This proves 
(10). : 

We now prove 

Lemma 2. Write K for F(p"). If 


v(t, a, 5) = do ere 
mon) 


then for t # 0, 


Wit, a, $)| S (p* — 1, a)p™?. (12) 
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Now 
L ; a a 
p D (v(t, a, S(t, a, $-})) = > re", (13) 
on OF ino 


Using Lemma’ 1, the right-hand member reduces to (p" — 1)(p" — 1, a), 
since this is the number‘of different solutions in x and y, 0, of 


xt = y", 


in F(p"). Since |y(t, a, ¢)| = |W(t, a, ¢-|, then (12) gives, if we set 
v(t, a, £) = v(t, a), 


1 
r Dd |v, a)|? = (o" — 1)(p" — 1, a). (14) 
te K 


Since, if ¢ ~ 0, the number of solutions of ty* = gis S (p” — 1, a), then 
(p" — 1)l¥t, a)|? = Xv", «)*, 
ye 


y #0 


<(p" — 1, a) eo l¥(q, @)|?, 
<(p" ~ 1, a)*p*(p" — 1), 


and by (14), we then have Lemma 2. Then for the proof of Theorem I, 


we have 


1 
N An b 2 Wort, a1)... .W(Gt, a,)f7%o+” 
: p te K 
(p" — 1) 
p” 


1 
+ = LY v(at, ar). ..Wcat, a) gr, (15) 
p teK 
t 0 
, where JN is the number of solutions of (1), and now we count all the solu- 


tions under the restriction (2). (In connection with (5) we did not do this 
exactly, that is, all the solutions of (5) would be m?[i, 7].) Then 





lv Bi sl i dX |Wat, a)... v(t, as), 
p p” teK 
t #0 
and by Lemma 2, we have | $ 
w- P= < 1 (*— 1,0)-p™" 
¢ p #=1 
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oe re Apr’? <Ne oe + Ap™’?; (16) 


A = (p” —_ iy di). 


s 
t=1 
The quantity A > 0 never exceeds the fixed value Ila; Set p*—1= Ah. 


t= 


1 
Then the left-hand member of (16) becomes, if r = (s + 2)/2, 


° 1 rT 
rire a(v+5) 
Ay] (17) 
p” 
which for s > 2 and p” sufficiently large is obviously > for k any integer. 
This proves Theorem I, for s > 2. From (16) we may also write 


oo + 00m... (18) 


We may now apply Theorem I to congruences with respect to an ideal 
prime modulus in any commutative ring R with a unity element. We may 
consider the congruence 


0X41 a QlgX_72 oo ae + a,X5%8 a as) = 0 (mod p), (19) 





N = 


where now the a’s are fixed elements in R, that is, we may fix the a’s and 
a’s and consider the above congruence for various values of p. This is a 
bit different from the situation in Theorem I where the domain of the 
coefficients changes with each p. But if the number of incongruent 
residues (norm) in R of the ideal p is finite then the residue classes form a 
field, since a finite integral domain isa field. Hence we may apply Theorem 
I and obtain 

THEOREM II. The congruence (19) always has at least k solutions in the 
x’s for k any positive integer provided 


Ag. . . AgX1Xo.. .Xs F O (mod p) (20) y 


$2 2 for C41 # 0 (mod p) and s > 2 for ¢.41 =0 (mod p); p tsa prime 
ideal of finite norm in a commutative ring R with a unity element, the a’s are 
fixed positive integers, the a’s are fixed elements in R, and the norm of » is 
sufficiently large. 

If R is tht ring of integers in an algebraic field then every ideal has a 
finite norm so that the Theorem II holds for any algebraic ring of this 
type with p any prime ideal in the ring. If Ris the ring of rational integers, 
then n = 1 and R is the system of residue classes modulo p, and we have 
in particular the 
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Corotiary. If in (19) the x’s are rational integers and » = (p) with 
p a prime rational integer then this congruence always has k solutions for p 
sufficiently large with the other conditions in Theorem II holding, k any integer. 

This corollary was given by Mordell! when a,+; # 0, and we include 
all* solutions of (19). We considered only solutions prime to » (primitive 
solutions) in our work, following the conditions (2) and (20). 


1 These PROCEEDINGS, 33, 236-242 (1947). In this paper reference to previous results 
was made, but an important paper by Mordell, Mathematische Zeitschrift, 37, 207 (1933) 
which bore more directly on the contents, was, unfortunately, not mentioned. Other 
relevant references are Pellet, Bull. Math. Soc. France, 15, 80-93 (1886); Dickson, 
Crelle,; 135, 181-188 (1909); Hurwitz, Crelle, 136, 272-292 (1909); Mitchell, Ann. 
Math., IT, 18, 120 (1917); Davenport, Jour. London Math. Soc., 6, 49-54 (1931); Schur, 
I., Jahresber. Deutsch. Math. Verein., 25, 114 (1916). : 

1° Cf. a paper by Hua, Loo-Keng, “‘On a Double Exponential Sum,” soon to appear in 
the Science Reports of Tsing Hua University. An abstract is given in the Science Record 
of the Acad. Sinica, 1, Nos. 1-2. 

2 These PROCEEDINGS, 32, 47—52 (1946). ° 

3 Mordell’s method of proof is different from either of those used in the present paper. 

In some ways there is quite a distinction between finding the primitive solutions of an 
equation in a finite field and finding all solutions. The congruence 

x12 + x? + ... + x2 = 0 (mod 2) 
has no solutions in integers prime to 2, if s is odd, but evidently has solutions for some of 
the x’seven. Again the congruence x? + y’ + 1=0 (mod 491) has no solutions in inte- 
gers x and y prime to 491. But the congruence x’? + 1 = 0 (mod 491) obviously has 
solutions. 


GROUPS, CATEGORIES AND DUALITY 
By Saunpers MacLane* 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CHICAGO 
Communicated by Marshall Stone, May 1, 1948 


It has long been recognized that the theorems of group theory display 
a certain duality. The concept of a lattice gives a partial expression for 
this duality, in that some of the theorems about groups which can be 
formulated in terms of the lattice of subgroups of a group display the 
customary lattice duality between meet (intersection) and join (union). 
The duality is not always present, in the sense that the lattice dual of a 
true theorem on groups need not be true; for example, a Jordan Holder 
theorem holds for certain ascending well-ordered infinite composition 
series, but not for the corresponding descending series.!_ Moreover, there 
are other striking ‘group theoretic situations where a duality is present, 
but is not readily expressible in lattice-theoretic terms. 
As an example, consider the direct product D = G X H of two groups 
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G and H, together with its canonical homomorphisms y(g, h) = g, n(g, 
h) = hinto the given factorsGand H. Thesystem [y:D—G; »:D—4H] 
consisting of the direct product together with these homomorphisms is 
characterized, up to isomorphism, by the following property: given any 
other such system [y’:D’ — G, n’:D’ — H] for the same groups G and 
H, there is one and only one homomorphism +:D’ — D such that y’ = 
yx,’ = nr. Dually, the free product P of groups G and H is the “‘most 
general” group generated by subgroups isomorphic to G and H, respec- 
tively. This means that there are canonical homomorphisms a:G — P 
and 8:H — P of the factors into the corresponding subgroups of P. This 
system (P, a, 8) is characterized by the following property: given any 
system [a’:G — P’, B’:H — P’| there is one and only one homomorphism 
@:P — P’ such that ca = a’, cB = 8’. The theorem that the direct 
product of any two groups exists is thus dual to the theorem asserting the 
existence of the free product. The proofs of these two theorems are not 
dual, but the proofs of many other formal properties are dual, as for 
instance in the case of the associative law (G XK H) XK K=GX (HX K). 
For the direct product D, the canonical homomorphisms y and 7 are homo- 
morphisms onto their respective ranges G and H; in the case of the free 
product P the canonical homomorphisms a and 6 are isomorphisms into P. 
The “dual” of a theorem about groups and homomorphisms is to be ob- 
tained by inverting the direction of each homomorphism,. inverting the 
order of all products of homomorphisms and replacing homomorphisms 
onto by isomorphisms into. 

For abelian groups the duality is more marked. A free abelian group 
F can be characterized in terms of homomorphisms of abelian groups by 
the following property :? for any homomorphism a: F — A and any second 
homomorphism 8:B — A onto the image group A there exists a homo- 
morphism ~:F — B with By = a. (The corresponding characterization 
applies also to free non-abelian groups.) An infinitely divisible abelian 
group D is one in which there exists for each de D and each integer m a 
solution x of the equation mx = d. Any homomorphism of an abelian 
group A into D can be extended to any abelian group B containing A. 
This property characterizes the infinitely divisible abelian groups; it may 
be stated in a form dual to the characteristic property of free groups: 
given a:A — D and an isomorphism 8:A — B of A into B, there exists a 
7:B — D with y8 = a. For an abelian group, free products reduce to 
direct products. If a factor group of an abelian group is a free group, it 
is a direct factor. Dually, if a subgroup of an abelian group is infinitely 
divisible, it is a direct factor. 

Phis duality for abelian groups appears in algebraic topology as a duality 
between homology and cohomology groups. This phenomenon is es- 
pecially striking in the axiomatic form of homology theory.* 
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For locally compact topological abelian groups, the duality phenomena 
can be formulated explicitly by means of character groups;‘ each theorem 
then gives a dual theorem about the character groups of those groups 
involved in the original theorem. It is instructive to compare this formula- 
tion with the duality of plane projective geometry.’ A pole-polar re- 
ciprocation gives a dual to each projective figure, comparable to the 
character group of a group. Alternatively, projective geometry has an 
“axiomatic” or “‘syntactical’’ duality: any theorem deducible from the 
incidence axioms remains true on the interchange of the primitive terms 
“point” and “‘line’”’ in the statement of the theorem. 

Our objective is a similar formulation of a (partial) axiomatic duality 
for groups. It clearly must concern the system consisting of all groups 
and all homomorphisms of one group into another. For certain other 
investigations of this and similar systems, Eilenberg and the author have 
introduced the notion of a category. A category is a class of ‘“‘mappings’’ 
(say, homomorphisms) in which the product a of certain pairs of mappings 
a and £ is defined. A mapping ¢ is called an identity if pa = aand Bp = B 
whenever the products in question are defined. These products must 
satisfy the axioms: 

(C-1). If the products yB and (yB)a are defined, so is Ba; 

(C-1’). If the products Ba and y(Ba) are defined, so is yB; 


(C-2). If the products yB and Ba are defined, so are the products (vB)a : 


and (Ba), and these products are equal. 

(C-3). For each y there is an identity ey such that yep 1s defined; 

(C-4). For each y there is an identity en such that ep is defined. 

It follows that the identities ep and eg are unique; they may be called, 
respectively, the domain‘and the range of the given mapping y. A mapping 
6 with a two-sided inverse is an equivalence. 

These axioms are clearly self dual, and a dualstheory of free and direct 
products may be constructed in any category in which such products exist. 
These axioms do not, however, suffice to express the duality between 
“homomorphism onto’’ and “isomorphism into.’’ These notions can be 
formulated in terms of subgroups and factor groups; with any subgroup 
S © G we can associate the identity injection 7-S — G of S into G, and with 
any normal subgroup N of G we can associate the projection 7:G — G/N 
mapping each element g of G into its coset gN in the factor group G/N. 
We propose to axiomatize the dual notions ‘‘injection” and “‘projection.”’ 

A bicategory is a category with two distinguished classes of mappings, 
the “‘injections’’ and the ‘‘projections,”’ subject to the following self dual 
axioms: 3 

(BC-1). Every identity is both an-injection and a projection; 

(BC-2). The product of two injections (projections), when defined, is 
an injection (projection). 
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(BC-3). Every mapping y can be represented uniquely as a product 
y = «Ox, where x is a projection, 0 an equivalence and x an injection. 

A mapping of the form x0 is called a mapping within (isomorphism into) ; 
one of the form On 1s called a mapping upon (homomorphism onto). 

(BC-4). The product of two mappings within (upon), when defined, is a 
mapping within (upon). 

(BC-5). Two injections (projections) with identical domains and identica} 
ranges are identical. 

These concepts suffice to give dual definitions of ‘‘subgroups’’ and 
“factor groups.”’ Thus ¢, is a “‘subidentity”’ of p2 if there exists an injection 
with domain e, and range @; this inclusion relation gives a partial order 
of the identities of a bicategory. We may then define a Jattice-ordered 
bicategory as any bicategory in which the subidentities and factor identities 
of any given identity form a lattice under this partial order. 

A group can be interpreted as_a lattice-ordered bicategory with an 
identity; the mappings of the category are all equivalences, and are the 
elements of the group. A lattice L can be interpreted-as a lattice-ordered 
bicategory in which all mappings are injections: the mappings of the 
category are the pairs [a, b] with a > 6, and with product [a, b][b, c] = 
[a, c]. Thus the concept “lattice-ordered bicategory’’ is a common 
generalization of the notions “group”’ and “‘lattice.”’ 

We contend that most of the phenomena of universal algebra and of 
(axiomatic) group duality’ have appropriate and simple formulations in 
terms of lattice-ordered bicategories. In particular, for groups, one may 
use the lattice-ordered bicategory of all homomorphisms of one group into 
another. In this category we might interpret projection mapping to mean 
any (canonical) homomorphism 7:G — G/N of a group G upon its factor 
group G/N. For this interpretation the product of two projections is not 
a projection (axiom BC-2fails). This axiom might be saved by calling 
a projection any product of such canonical homomorphisms 7, but in this 
case the projection factor x of any homomorphism is not unique (axiom 
BC-3 fails). 

This apparent difficulty can be surmounted by an attention to funda- 
mentals. A factor group G/N may be described either as a group in 
which the elements are cosets of N, and the equality of elements is the 
equality of sets, or as a group in which the elements are the elements of 
G, and the “equality” is congruence modulo NV. Both approaches are 
rigorous® and can be applied systematically (and with approximately equal 
inconvenience!) throughout group theory. The difficulties cited disappear 
when we adopt the second point of view, and regard a group G as a system 
of elements G with a reflexive symmetric and transitive ‘“equality’’ rela- 
tion such that logically identical elements are equal (but not necessarily 
conversely) and such that products of equal elements are equal. - 
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METHODS OF SYMMETRY AND CRITICAL POINTS OF 
HARMONIC FUNCTIONS 


By J. L. WALSH 
DEPARTMENT OF MATHEMATICS, HARVARD UNIVERSITY 
Communicated March 19, 1948 


The most powerful method known for the study of the location of the 
critical points of harmonic functions is the expression of the gradient of a 
given harmonic function as the force in a field due to a suitable distribution 
of matter.! Nevertheless simpler methods involving less machinery, 
based on topological considerations involving symmetry, yield some sur- 
prisingly deep results, as we wish to indicate in the present note. Our 
principal result is 

THEOREM 1. Denote by Il; and Il; the open upper and lower half-planes 
respectively. Let u(x, y) be harmonic in a region R cut by the axis of reals, 
and let the relation 


u(x, y) > u(x, —y) for (x, y) im Th (1) 


hold whenever both (x, y) and (x, —y) liein R. Then u(x, y) has no critical 
point in R on the axts of reals. 

Alternate sufficient conditions that u(x, y) have no critical point in R on 
the axis of reals are that R be bounded by a Jordan configuration B, that 
u(x, y) be harmonic and bounded in R, continuous in R + B except perhaps 
for a finite number of points, u(x, y) not identically equal to u(x, —+y) in R, and 
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1. R symmetric in the axis of reals, with u(x, y) = 0 on B:Tl, and u(x, 
y) = 0 on B-Ih. 

2. R symmetric in the axis of reals, with u(x, y) = 0 on B-Th and u(x, 
y) S 0 on B-Th. 

3. R symmetric in the axis of reals, with 


u(x, y) 2 u(x, —y) (2) 


at every point (x, y) of B-Th. 

4. (x, y) lies in R whenever (x, —y) lies in R-l; u(x, y) 2 0 on B-T, 
and u(x, y) = 0 on B-Th. 

5. R’' ts a region whose boundary B’ is symmetric in the axis of reals, and 
R is a subregion of R' whose boundary in Tl, is denoted by B’-l, + Bulk = 
1; 2), where B, is disjoint from B’; we have (2) at every point of B’- Th; 
we denote by ux(x, y) the function harmonic and bounded in R’ - Tl, defined by 
the boundary values u(x, y) on the axis of reals and on B’-IIk; we suppose 
u(x, y) 2 u(x, y) on By, u(x, y) S u(x, y) on Bo. : 

6. R is cut by the axis of reals and u(x, y) has boundary values unity 
on B-Th, zero on B- Ilo. 

7%. Rs cut by the axis of reals; the boundary values of u(x, y) on B-Th 
are not less than 1 u b [u(x, 0) in R]; the boundary values on B-Ilz are not 
greater than gl b [u(x, 0) in R]. 

By a Jordan configuration we mean a set composed of a finite number 
of Jordan arcs. As a matter of convention, segments of the axis of reals 
belonging to B (or By) are considered to belong to both B-Il, and B- Il; 
(or By-I,), and boundary values may of course be different on B-II, 
and B- IIo. ’ 

To prove the main part of Theorem 1 we set U(x, y) = u(x, y) —u(x, 
—y), whence in II, we have U(x, y) > 0 and in I; we have U(x, y) <0; 
on the axis of reals U(x, 0) = 0, OU(x, 0)/Ox = 0. In the neighborhood 
of a critical point (xo, yo) of U(x, y) of order k the locus U (x, y) = U(x, yo) 
consists of k + 1 analytic Jordan arcs intersecting at (xo, yo) at successive 
angles of /(k + 1); no such arc of the locus U(x, y) = 0 can lie in R- 1, 
or R-Tlz, so no critical point of U(x, y) lies on the axis of reals in R. On 
the axis we have 0U/0x = 0, whence 0U/dy # 0, and 0U/dy > 0 follows 
from the behavior of U(x, y) in Il, and Iz. We also have 0U(x, 0)/dy = 
2 Ou(x, 0)/Oy, so 


ou(x, 0)/dy > 0 (3) 


follows in R. 

Both parts 1 and 2 are contained in part 3, so we proceed to establish 
part 3. Again we set U(x, y) = u(x, y) — u(x, —y), so at every point of 
B-1l, we have U(x, y) = 0; at every point of B-II, we have U(x, y) = 
—U(x,-—y) S$ 0. The function U(x, y) does not vanish identically in R 
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but vanishes on the axis of reals, so we have U(x, y) > 0 in R-T, U(x, 
y) < Oin R-Ilk. From the main part of Theorem 1 we now have at any 
point (x, 0) of R: OU(x, 0)/Oy = 2 du(x, 0)/dy > O, so (3) follows in R. 

In part 4, let B, denote the reflection in the axis of reals of B-Il, On 
both B, and B-Il, we have u(x, y) = 0, and on B- II, we have u(x, y) = 0. 
Each point of R on the axis of reals lies in a subregion of R symmetric in 
the axis bounded wholly by points of B; and B-Il, so the conclusion 
follows from part 1. In part 4 examples show that the condition u(x, y) = 
0 on B- II, cannot be replaced by the weaker condition u(x, y) < 0. 

To prove part 5 we note that on the boundary of R’-II, we have u(x, 
y) 2 u(x, —y), both on B’-Il, and on the axis of reals, whence u(x, y) 2 
uo(x, —y) in R’-TIl,. From the relations u(x, y) 2 m(x, y) on B, and 
u(x, y) S ue(x, y) on By we deduce u(x, y) "u(x, y) in R- Tl, and u(x, y) S 
u2(x, y) in R-Ilz. In sum we have for (x, y) in R-Th: u(x, y) = u(x, y) = 
u(x, —y) 2 u(x, —y), provided (x, —y) lies in R-II, Throughout a 
suitable neighborhood of any point of R on the axis of reals we have (2) 
satisfied in Il), so the conclusion follows from part 3. 

Part 6 is contained in part 7, so we proceed to prove the latter. We set 
b, = 1 u b[u(x, 0) in R], bg = gl b[u(x, 0) in RJ, so we have u(x, y) = hi 
on B-Ih, u(x, y) 2 bin R-Th, u(x, y) S b on B-Th, u(x, y) S db in R- Ms. 
We set U(x, y) = u(x, y) — u(x, —y). If U(x, y) is defined, at a point of 
B-Il, we have U(x, y) 2 0 and at a point of the reflection of B- II, we have 
U(x, y) $0; ata point of B-Il, we have U(x, y) S 0, and at a point of 
the reflection of B-II, we have U(x, y) 2 0. Every point (x, 0) in R lies 
in some subregion R’ of R symmetric in the axis of reals bounded wholly 
by points of B-II,, B- Is, and their reflections; on the boundary of R’ in 
II, we have U(x, y) 2 0 and on the boundary of R’ in Il, we have U(x, 
y) $0. It is to be noted that the relation U(x, y) = 0 in one region R’ 
would imply that relation in every region R’, and throughout R. The 
conclusion now follows as in the proof of part 3. 

In each case under Theorem 1 we have established (3) throughout RE 
consequently if each function U;(x, y) satisfies the conditions of either 
the main part of Theorem 1 or one of the supplementary parts, with ref- 
erence to a region R;, it follows that the function YT U(x, y), Me >0, 
has no critical point on the axis of reals in R,;-R,...R,. Indeed we need 
not require U(x, y) # U:(x, —y) if we,have U(x, y) # U(x, —y). , 

As an illustration of the power of Theorem 1, we prove in detail 

THEOREM 2. Let R be the interior of the Jordan curve C, and let R be 
provided with a NE (non-euclidean) geometry by means of a conformal map 
onto the interior of a circle. Let the function u(x, y) be harmonic but not 
identically zero in R, continuous on R + C, non-negative on an arc Cy of C 
and zero on C—Cy. Then all critical points of u(x, y) in R lie in the sub- 
region of R bounded by Cy and the NE line joining the end-points of Co. 
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Let (xo, yo) be an arbitrary point of R not in the subregion of R mentioned. 
Map R onto the interior of the unit circle | w| = 1 so that (xo, yo) is trans- 
formed into the origin, and rotate the plane so that the image of Cp lies 
in the closed upper half-plane. The conclusion now follows from part 1. 

Theorem 2 is not new,* and is presented here to show both the range 
of Theorem 1 and the kind of result that can be proved by its use. For 
an arbitrary Jordan region R, an arbitrary NE line behaves conformally 
like an axis of symmetry, for it is the image of such an axis under a con- 
formal map of the interior of a circle onto R. Thus each part of Theorem 1 
is of significance in connection with such a map, and a number of the 
results obtained by mapping are new. 

To show the connection of Theorem 1 with fields of force we give an 
independent proof of 

THEOREM 3. Let the region R be the interior of a Jordan curve C, and let 
B be a Jordan configuration in R which together with C bounds a region R’. 
Let the function u(x, y) be harmonic in R', superharmonic in R, continuous 
on R’ + Cand zeroon C. Then all critical points of u(x, y) in R’ lie in the 
smallest NE convex region of R containing B. 

Choose C as the unit circle, and choose an arbitrary NE line wholly in 
R’ as the axis of reals, with an arbitrary preassigned point of the NE line 
at the origin and with B in the upper half-plane. It follows from a classical 
result due to F. Riesz (1930) on superharmonic functions that u(x, y) can 
be written in R as 


u(x, y) = SrG(z, t, R)dur + h(x, y), dur = 0, (4) 


where G(z, ¢, R) is Green’s function for R with pole in ¢ and h(x, y) is 
harmonic in R; since u(x, y) is harmonic in R’, the function du vanishes 
in R’, and the integral can be taken over R — R’ and represents a function 
harmonic in R’. Of course Green’s function can be extended harmonically 
across C by reflection; at corresponding points the values are the negatives 
of each other. Consequently the integral converges not merely in the 
neighborhood of C in R but also in the neighborhood of C exterior to R; 
the function represented by the integral is continuous and vanishes on C. 
It follows from (4) that h(x, y) is continuous on C and vanishes there, 
hence vanishes identically. Study of the field of force’ defined as the 
conjugate of the function f’(z), where f(z) is an analytic function whose 
real part is u(x, y), now completes the proof. Theorem 3 is contained in 
part 5 of Theorem 1; the latter requires (notation of Theorem 1) u(x, 
y) 2 u(x, y) on By, which is closely related to the requirement of Theorem 
3 that u(x, y) be superharmonic. Riesz’s results are of still further signifi- 
cance in connection with part 5 of Theorem 1, where we use both positive 
and negative mass y. 

We postpone for another occasion the discussion and formulation in 












































VoL. 34, 1948 PATHOLOGY: E. R. LONG 271 


detail of further applications of Theorein 1, but mention that symmetry 
in a point may be used in a manner similar to our present use of symmetry 
in an axis. Moreover, still other methods are available for the study of 
critical points. For instance, topological methods, similar to our proof 
of the main part of Theorem 1 and involving the consideration of level 
curves, yield the following two results: 

THEOREM 4. Let the function u(x, y) be harmonic but not identically zero 
in the region R whose boundary is the Jordan curve J, continuous on R + J. 
Let u(x, y) be respectively non-negative and non-positive on two complementary 
arcs of J. Then no critical point of u(x, y) lies on the locus u(x, y) = Oin R. 

THEOREM 5. Let the function u(x, y) be harmonic but not identically zero 
in the annular region R bounded by the disjoint Jordan curves J, and Jo, 
continuous on R + Jy + Jo. Let u(x, y) be non-negative on Ji, non-positive 
on Jo. Then u(x, y) has no critical point on the locus u(x, y) = 0 in R. 

Theorems 4 and 5 extend to the case where there are admitted other 
boundary components, disjoint from the Jordan curves already mentioned, 
on which -u(x, y) is assumed to take the boundary value zero. 


1 Walsh, J. L., these PRocEEDINGS, 34, 111-119, 1948. 
2 Walsh, J. L., Bull. Am. Math. Soc., 54, 196-205, 1948. 


TUBERCULOSIS IN GERMANY 


By Esmonp R. LonGc 


THE HENRY Putpps INSTITUTE OF THE UNIVERSITY OF PENNSYLVANIA, PHILADELPHIA 
PENNSYLVANIA 


Read before the Academy, April 26, 1948 


A rise in tuberculosis is a usual concomitant of war and prolonged disas- 
ter. Germany experienced such an increase in both world wars, as did most 
countries of Europe. A study of the rise in tuberculosis mortality in Ger- 
many, where records of unusual accuracy were maintained in spite of ad- 
ministrative upheaval, is of considerable interest for the general under- 
standing of the epidemiology of the disease. 

The analysis here made is based on German documents printed from 
1920-1940 and on observations made in a series of visits to Germany since 
April, 1945, and particularly on studies performed by a commission* ap- 
pointed by the Secretary of the Army in February, 1948, to “investigate 
the incidence of and recommend control measures for- tuberculosis in the 
German civilian population.” 

Like all countries with a continuing rise in the standard of living and 
simultaneous development of a public health program, Germany experi- 
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enced a steady decline in its mortality from tuberculosis throughout the 
twentieth century until the advent of World War I. Commencing im- 
mediately with the outbreak of hostilities a rise in mortality occurred, 
which reached its peak in 1918, when a level was attained (in terms of deaths 
per 100,000 population) approximately the same as that of 1900. With the 
cessation of hostilities a rapid decline occurred, and by 1921 the rate was 
again at the prewar level (Fig. 1). In the following year, however, a new 
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rise occurred which continued for a year and then subsided, after which a 
continuous decline was maintained until the outbreak of the second world 
war. 

The reasons for the wartime rise and secondary rise in 1922-1923 were 
much debated by German authorities on tuberculosis. The general con- 
clusion was that each was related to malnutrition. The wartime rise was 
attributed to the blockade to which Germany was subjected, the cessation 
of imports from adjacent food-rationed countries, the disruption of the 
organization for production and crop failures. The second rise was so 
. clearly related to the fantastic inflation of 1922-1923 as not to appear a 
mere coincidence. That increase was considered due in large measure to 
the high price of food and resultant impaired nutrition. In each case 
crowding and excessive exposure to infection were believed by German ex- 
perts to be of much less moment than nutrition. The significant nutritional 
defect itself was considered to be an insufficiency of protein and fat. 

In the rise in tuberculosis mortality in World War II German authorities 
again blame malnutrition. Significant differences in the effects of the two 
wars, however, viz., a much greater destruction of housing and increased 
hardship in the homeland in the second war, permit a more accurate evalu- 
ation of the several factors influencing mortality than was the case after the 
first world war. 

Currency stabilization and resumption of a normal economic state in 
1923, with ordinary employment and disappearance of some of the factors 
supposedly responsible for the 1922 rise in mortality, were accompanied by 
the development of one of the strongest tuberculosis control programs in the 
world. In 1938 only a few countries had a lower tuberculosis death rate 
than Germany. Within Germany excessive rates prevailed in a few places, 
like Berlin, but the national average was low. A nationwide system of 
clinics (Fiirsorgestellen), a generous provision of sanatorium beds, an in- 
surance system financing treatment of all social levels, and a centralized 
authority for maintenance of a control program (Reichs Tuberkulose Aus- 
schuss), all contributed to this success. 

With the outbreak of war in 1939 deterioration in the program began. 
Military mobilization led to a decrease in professional personnel for tuber- 
culosis control, and with the continuation of hostilities, hospital beds once 
used for tuberculosis were employed for the accumulating casualties. The 
continuous bombing of German cities was a factor of as yet unmeasured im- 
portance. After large raids thousands of injured civilians crowded the 
hospitals, already undermanned through: military necessity. 

As time went by, other factors came into play which are believed to have 
had a seriously adverse effect on the incidence of tuberculosis. Prior to the 

_war Germans with active tuberculosis were not allowed to participate in 
many forms of domestic and industrial employment. During the war, as 
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manpower needs grew, documents were published in which the element of 
contagion was minimized. Germans with active tuberculosis were again 
permitted employment. It does not appear to be true that they were 
forced to work, as has been claimed by certain military observers. The 
former Secretary-General of the Reichs Tuberkulose-Ausschuss is authority 
for the statement that no coercion was used.t 

Manpower needs could not be met from the German civilian population 
and importation of labor from adjacent allied or occupied countries fol- 
lowed. Little if any screening for tuberculosis was carried out and subse- 
quent critical study has indicated that much tuberculosis was imported 
in this way. At the end of the war thousands of inmates of the notorious 
concentration camps, where tuberculosis was rife, were released, and many 
wandered at will about the countryside, furnishing further opportunity for 
chance infection. 

According to statements made by German authorities serious impairment 
of nutrition did not occur until the final months of the war. Indeed the 
statement has been made by Germans that it did not occur until after the 
war, when the reversal of authority, the extra provision for the millions of 
displaced personnel in the country, and the removal of men suspected of 
Nazi adherence from productive enterprise, sharply curtailed the German 
civilian ration. 

Availability of housing, on the other hand, was profoundly affected. In 
some cities, like Berlin, bombing was almost continuous. In others, like 
Frankfurt and Wiirzburg, a few saturation raids virtually destroyed the 
city. In each case only a small fraction of the original houses were left in- 
tact. A great concentration of the population occurred in the few remain- 
ing homes, with inevitable opportunity for infection of the well by those 
afflicted with tuberculosis. In the cities continuously bombed, like Berlin 
and others of great industrial importance, life was under. continual strain. 
Much of it was actually spent in air raid shelters. In one bunker-type 
shelter in Mannheim it is said that 18,000 people congregated during raids. 
Such concentrations clearly favored dissemination of the disease. 

When Military Government was set up in the spring of 1945 (obser- 
vations here made apply to the U. S. Zone) the German tuberculosis control 
program was found badly disorganized. City hospitals and tuberculosis 
clinics had been destroyed and their functions were being carried on in highly 
inferior quarters with inadequate equipment. Sanatoria outside of the city 
were occupied in large measure by wounded soldiers, prisoners of war and 
non-German displaced personnel. Widespread disruption of transpor- 
tation was doubly injurious to the program, preventing patients from going 
to clinics for diagnosis and treatment, making it very difficult for public 
health nurses and social workers to go to the homes of patients to give ad- 
vice and home care. As a result, patients who once would have received 
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prompt hospital and sanatorium care, remained at home. This was soon 
recognized by German public health authorities as a grave threat to the 
health of the population. 


Data on the prevalence of tuberculosis and mortality rates were untrust- 
worthy in the first few months after the war. One of the principal reasons 
was an almost complete change in German public health authority. Most 
of the officials in control had records of Nazi affiliation disqualifying them 
for further service. An immediate essential step was restoration of a Ger- 
man official tuberculosis control authority in each department of health. 
Qualified men were hard to find. Data, which once went promptly to a 
centralized authority in Berlin, after the war could go no further than an in- 
ferior health department ina Land. Frequently they did not get that far. 
Remarkably, essential data were in general preserved at the source, and in 
time became again available. 


A reorganization was affected promptly after military occupation by the 
Military Government through its Public Health Branch. Continuous 
effort was made to establish politically acceptable, professionally qualified 
personnel in responsible positions. As Army combat forces released beds 
first used for prisoners of war and the housing of displaced personnel, Mili- 
tary Government officers gradually secured more beds for the care of tuber- 


culosis. German barracks which had been made into reasonably effective: 


hospitals during the war become tuberculosis hospitals. Attack on the 
housing problem by newly constituted German officials, effecting urgently 
needed repairs in usable buildings, reduced the crowding in homes to some 
extent and thereby decreased opportunity for contagion. Material assist- 
ance was given to the new German economy from available Army stocks. 
In some German tuberculosis sanatoria a principal source of food was boxed 
Army K rations. Outpatient clinics were restored to function, although in 
considerably reduced number. Gradually the sanatoria reverted to their 
original use, as prisoners of war were released and other provision was made 
for displaced personnel. 


Within a surprisingly short time a remarkably effective tuberculosis con- 
trol program was again in operation. The total number of beds available 
for the treatment of tuberculosis, which had reached the low level of less 
than one per annual tuberculosis death at the end of the war, has approxi- 
mately doubled since that time and now is not far from the accepted ideal 
standard ratio of two and a half beds per annual tuberculosis death, with 
one outstanding exception. In Berlin, a quadripartite-governed city, 
existing as a municipal island in the Russian Zone, there is a great deficiency 
in beds for the care of tuberculosis. In former times the sanatoria for 
Berlin patients were outside the city. This is still true and now they are 
generally unavailable. An attempt is being made to create an additional 
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supply of suitable beds in the city, but thus far the program is very far 
short of the success obtained in the U. S. and British Zones. 

Coincidently with the restoration of a good tuberculosis control program 
a significant drop in tuberculosis mortality has occurred. Full data on this 
are included in the official report of the commission to which reference has 
been made. These will be the subject of later exhaustive analysis and re- 
port. For present purposes it will suffice to refer to figure 2 which shows 
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the rise and fall of mortality in a representative group of German cities, in- 
cluding Berlin and the three largest cities in the U.S. Zone. It will be 
noted that the actual levels of mortality reached in the World War I rise 
were not reached in World War II, but that the percentage increase in mor- 
tality over the prewar rate was quite as great. The excessive rate for Ber- 
lin, which was at a great disadvantage both before and after the war, is con- 
spicuous. : 
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- The drop in mortality since 1945 (1946 in the case of Bremen), when 
viewed in the light of the drop in 1918, is encouraging, and, it is to be hoped, 
prophetic. It is admittedly hazardous to conclude that the worst phase: is 
over. The secondary rise in mortality in 1922-1923 shows how susceptible 
an apparent recovery is to adverse influences. German public health 
authorities themselves lay less stress on the apparent improvement in death 
rate than they do on an officially recorded great increase in reported cases of 
active disease. In the opinion of the commission to which reference has 
been made this rise in reported cases does not have the full significance at- 
tributed to it by some of the German authorities. It appearsin large part 
due to a greatly expanded case-finding program, and is believed to be in some 
and perhaps large degree affected by the incentive to case reporting fur- 
nished by the food supplements granted to persons diagnosed as tubercu- 
lous. The available data will be analyzed in detail by the commission. 
In the meantime the tuberculosis problem, while still of considerable mag- 
nitude, appears less serious than was orginally feared. 


* The members of this commission were Colonel Silas B. Hays, M.C., Major Alonzo 
W. Clark, M.S.C., Philip E. Sartwell, M.D., and Esmond R. Long, M.D. In Germany 
the group was joined by Lt. Colonel Charles H. Moseley, M.C. of Office of Military 
Government, Land Hesse. The statistical data presented in this paper were obtained 
through the assistance of public health officials in Military Government and German 
public health officials in Berlin and each Land in the U. S. Zone. 

+ Personal statement to the author. 


SOME RELATIONS BETWEEN THE F’S AND F?S OF X-RAY 
DIFFRACTION 


By M. J. BUERGER 
CRYSTALLOGRAPHIC LABORATORY, MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Communicated by W. J. Mead, March 31, 1948 


Introduction.—Last summer, Harker and Kasper! showed how Cauchy’s 
inequality could be used to derive some inequalities between the F’s and 
F's which occur in x-ray diffraction theory. In discussing these im- 
portant relationships, the writer pointed out that he knew of another 
avenue of approach to relations between F’s and F”’s, although no details 
of the relations had yet been worked out. This alternate approach is 
through the implication function? which is a transformation of the general- 
ized Harker function.? The implication has the important property that 
its maxima correspond to (a) locations of atoms in the corresponding 
projection of the crystal structure, plus (b) m — 1 alternate locations, 
known as ambiguities (where m is a function of crystal symmetry and 
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may have values of 4, 3, 2 or 1), plus (c), in some symmetries, “‘satellites’’, 
geometrically related to (a) and (6). This close relation between the 
maxima of the implication function and the maxima of the electron density 
function bespeaks an intimate relation between their Fourier coefficients. 
Since the latter involves F’s and the former F°’s, it is evident that there 
isa relation between these which can be found along the lines of implication 
theory. The present paper outlines the method of finding these relation- 
ships, and gives the results in sufficient detail so that they can be used in 
the determination of phases in crystal structure analysis. 

General Relations between F’s and F*?s.—The general theory underlying 
the development given here is the following: The phases of diffraction 
spectra cannot be observed, but certain differences can be observed. It can 
also be shown that the phases are congruent to certain sets of phase differ- 
ences. To relate F’s to F’s, therefore, it is only necessary to determine 
the moduli of the congruences, and devise methods of isolating the appro- 
priate sets of phase differences. Thus, it is an easy matter to determine 
x-ray diffraction phases as allowed by congruences. To make the relation- 
ships of practical importance to crystal structure analysis, it is also neces- 
sary to transform squared amplitudes to amplitudes, and this gives rise to 
certain complications. 

Diffraction from the “Squared Crystal.’’—Consider a crystal whose cell 
contains only two atoms which are located at codrdinates x12; and X2yo2. 
The waves diffracted by this crystal are represented by 


Frat = fremaattn ti, + Satta tKvatieg (1) 


where H = —2mih, K = —2mik and L = —2ril. Fix: represents an 
amplitude and a phase, and cannot be observed. On the other hand, 
‘| Frea|? can be observed. This is obtained from F,,,; by multiplying it by 
its complex conjugate, F*),;: 


| Fal? — Prk * nxt 
= (freF*1 ten +4 + Soe h*2+Xvstles) ( fye—#21—K —ly + 
foe—#72—Ku2—Ie2) (2) 


fi? a fr? + Sifee#@2—*v +K(¥q—v1) +L (22-2) oa 
hh feet G12) +E V9) +h) —29) | (3) 


The form of this product is exactly that of the hk] wave scattered by four 
atoms, two of which are at the origin and have scattering powers fi? and 
f2?, respectively, the other two having scattering powers fi fz and located 
at coérdinates (x2 — %1), (ve — 41), (% — 2) and (x1 — x2), (yi — Ye), 
(%. — %). An identical wave would have been scattered by a fictitious 
crystal whose atoms had these scattering powers and coérdinates. For 
convenience, call this fictitious crystal the “squared crystal.” 
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Relations (1)—(3) can be easily generalized by substituting + and 7 for 
1 and 2, and then summing over bothz andj. Thus, to each crystal there 
corresponds a “‘squared crystal” which has an atom for each pair of atoms 
in the crystal (including each atom and itself as a pair). The codrdinates 
of the ‘‘squared atoms” are the differences of the codrdinates of the two 
atoms in the pair, and their scattering powers are equal to the product 
of the scattering powers of the atoms of the pair. All of this is a simple 
and direct consequence of the mathematical rules for forming the complex 
conjugate. In this way, the F’’s always involve the differences of phases 
scattered by pairs of atoms. 

The ‘‘squared crystal” has atoms at coérdinates where the Patterson 
function® ° has maxima. 

Congruence of Certain Phases with Phase Differences—For convenience 
the amplitude factor of the wave is first neglected, the phase relations only 
being investigated. The relation between the phases of F and F? can be 
found by expanding FF* for each symmetry, then finding certain collec- 
tions of terms in F* equal of F. This method is blind and extremely 
patience-trying. 
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FIGURE 1 


. A simpler and much more illuminating method is to consider the diffrac- 
tion phases of F and F? (i.e., of crystal and “‘squared crystal’’) as mapped 
in a space which will be termed product space. * The coérdinates of product 
space are hx, ky and /z. If an atom is located by these three coérdinates 
in this space, then the sum of its coérdinates is the phase of its diffraction 
hkl, in terms of cycles, since this phase is e~°"**+*+#), The phase of 
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F can be visually compared with that of F? by comparing the phases 
scattered by the crystal and ‘‘squared crystal.’’ The procedure here is a 
parallel to that used in comparing the electron density function map with 
the Harker function map and thus developing the implication theory. 
In fact, the map of a phase in product space is merely a homogeneous dis- 
tortion of the map of the atoms producing the phase, as they appear in 
the crystal. The most useful properties of product space are that (1) linear 
_ functions in crystal space remain linear in product space, and (2) the 
character of hx can be shifted from x to h or the reverse at pleasure. 


TABLE 1 


One SET OF SYMMETRY-EQUIVALENT ELECTRONS 


SYMMETRY RELATIONS IN THE ZONE [001] 
2 Con = 25+ S Farako 
21 Ct/2, ak = S Fen, 2k, 0 
Conk = 2s 
3 Cone = 38+ 2s Avn—zy. (at2k), 0 
31, 32 Cif. kk = 251/,A (h—k). (at 2k). 0 
Cy.rak = 3s 
4 Conk = 45+ 25 For-e. (ate +S Fon 2e.o 
4,, 43 Ci. = 251/,F(n—k), (a+ &)0 
Ci/,, Ak = S Fon. ok. 0 
Conk = 4s 
ty Ci/ nk = 2s Fr—k), (at kyo 
Co, nk = 4s + s For, 2x.0 
6 Com = 65+ 2s Freo + 2s Fo-w, (at2ry.0 7S Fon 2x.0 
6.65 Cink = 251/¢F reo 
Ci/y ak = 251/,F(a—k), (at 2k), 0 
C1/,, a= S Fen. 2k. 0 
Cn = 6s 
62, 64 Cif ak = 251/,F x0 +251/,F (n—k). (at 2k), 0 
Conk == 58 S Fap, 2k. 0 
65 Ci/ kk = 2s) Fro +s Fon, 2x0 
Cyn = S56 + 2s Fr—b, (et 2k). 0 
3 Conk == 68 + 2s Foa-h, (at 2k). 0 
4 Cone = 48+ 8S Farce.o 
6 Conk = 685+ 2s For—w, (at2n), 0 


An example of the resemblance of F to F? is shown in figure 1 for sym- 
metry 4;. It is obvious that there is a geometrical similarity between 
F*and F: The level '/2/ of F* is similar to the projection of F, but has twice 
the scale, and the level 1/4 of F° is similar to the projection of F, but must 
be shrunk by a factor 1/+/2 and rotated 45° to bring it into coincidence 
with F. In this way, F is congruent to certain sections of F? with a certain 
modulus, which is the modulus of the transformation from one figure into 
the other. 

Isolation of Levels of F?-—The map of a phase of any symmetrical crystal 
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contains a figure corresponding to that shown in figure 1 for each atom of 
the crystal. The map of the phase of the same reflection of F? also contains 
a set of figures, corresponding to those shown in figure 1, for each atom 
in the original crystal, plus some other points due to interactions between 
atoms which are not symmetrical. It is necessary to isolate just one layer 
(with its negative equivalent) in order that the relation of congruence can 
be drawn between this layer and the projection of F. The isolation can 
be accomplished by performing a summation cos 27 /z, F* over all values 
of /, where 2; is the coérdinate of the desired level. It turns out that this 
gives a coefficient of s,, = | cos 27 lz, | to F, and eliminates all other levels, 


z, of F*, since }> cos 2x Jz for other values of z is zero. With the aid of 


l= 
this summation, the relations between the F’s and F?’s for the various 
symmetries shown in table 1 may be derived. The values of C, are shown 
in table 3. 

Complications Due to Scattering Power.—lf the crystal contained only a 
single atom, the transformation of amplitudes of F to-F? could be made by 
means of the coefficient R, defined in table 2. When more than one atom 
is involved, the situation is more complicated, since all atoms do not 
have equal f’s. If E;, »; is taken to represent the phase part of the jth 
equivalent set of atoms, the appropriate correction to take care of this 
feature is found as follows: 


fr, hkl a? 
’ fis n'x’o ete 
RSE; 
UR 
== R, Fy’ + RoF’ + aes 
RiF’ + (Rif! + ReFo’ — Rife’) + ... 
(RiFi’ + Rife’ + ...) + (Re! — Rif’) + ... 
RF’ + Fo’ + ...) + (RR: — RDP’ +... 
RF + dR; — R,)F;’ 
RiF + A. 





Vis, nels;, nk = of;, h'k’o 
J 


The relations in table 1 can now be transformed into corresponding ones 
which take account of the scattering coefficients f. The final relations 
between F and F? for the axial symmetries are given in table 2. In this 
table, P represents the accidental Patterson interaction which occurs on 
the level z. It can be evaluated if the corresponding implication diagram 
reveals peaks which are known not to be Harker peaks. This decision 
can be made in many symmetries because of the absence of characteristic 
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satellites in the implication. The location of the peak then provides the 
phase of the F(P,) and the height of the peak provides the amplitude 
TABLE 3 
COEFFICIENTS OF THE HARKER FUNCTION 
LEVEL IN 
PATTERSON 
SPACE SYMBOL EXPANSION 
0 “= 2 | Fix ‘5 
l e 
1/s Cy, = 2 | Frail? — > | Fal? 
1=2N 1=2N+1 
1/3 Cy, = 2 |Faal?—'/2 Z | Foul? 
1=3N 1=3N #1 
1/, Cy, = J | Frail? — > | Fre|? 
1=4N 1=4N+2 
He Cy = ZS |Fawl? +2 2 [Fewl?— 2 2 [Fewl?—- 2 | Foul? 
1=6N 1=6N +1 1=6N *2 1=6N+38 
f y O+Zkx 
kK zhyeehr @>o<e2hyr2hx 
heh)x-() My 
ate oe Se the h)rs lhrhly 
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Additional Terms Due to Reflection Symmetry.—Every operation of the 
space group which relates atoms on the level of the implication is repre- 
sented by a point on the implication. In a similar way, every such 
operation is represented by a term in the F* expans.on, such as shown in 
tables 1 and 2. The forms of these terms for reflection symmetry are 
readily determined by making use of the properties of product space. In 
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this space, it is easy to relate the satellites which occur along the line 
normal to the symmetry plane with the points in general positions. One 
can then solve for the conditions for which one set of points in the general 
position become congruent with the satellites. How this is done can be 
illustrated for symmetry 4mm shown in figure 2. In this figure, the 
points due to reflection (the implication satellites) are shown as open 
dots, and are found confined to the normals to the reflection planes re- 
sponsible for them. Study of the figure shows that the outer collection of 
black dots, which represent Fo, 2%, 9 (see Fig. 1), become congruent to the 
open dots on the vertical line under the condition h = 0. Therefore the 
term due to the reflection plane (ORO) is Fo, x, 0, h = 0, namely Fo, x, o. 
Similarly, the inner collection of black dots, which represent Foa—x), «+x, 
according to figure 1, becomes congruent to the open dots in the diagonal 
plane under the condition k = 0. Therefore, the term due to the reflection 
plane (4h0) is Fa—x, atx, 0 provided k = 0, namely Fro. 


TABLE 4 


EFFECT OF SATELLITE-PRODUCING SYMMETRY PLANES PARALLEL ‘TO AXES AND 
THROUGH ORIGIN 


AXIAL 
SYMMETRY 


NUMBER, KIND AND LOCATION 

n OF PLANE TERMS TO BE ADDED TO AXIAL TERMS 

2 Reflection (00) S For,o.0 + Asn. o.0 
Glide (h00) (—1)"(S Fen. 0.0 + Asa. 2x. 0) 
Reflection (400) S2F sn. 0.0 +. Asa. 0. 0 
Reflection (00) é S:Fer.o.0 + Asn. 0. 0 
Reflection (hh0) S:Fnan + Anno 

6 Reflection (400) S:Fio + Ano 
Reflection (hh0) S:Fan + Anno 


Table 4 contains some of the important reflection relations derived in 
this way. 

Practical Use of the Relations in Crystal Structure Analysis.—The use of 
these relations in the determination of the phases of certain of the F’s is 
sketched in another place. Both the practical importance, and some of 
the details of the methods of derivation will be treated in detail in sub- 
sequent contributions. 


1 Harker, David, and Kasper, J. S., ‘‘Phases of Fourier Coefficients Directly from 
Crystal Diffraction Data,’”’ J. Chem. Phys., 15, 882-884 (1947). 

2 Buerger, M. J., “The Interpretation of Harker Syntheses,” J. Appl. Phys., 17, 
579-595 (1946). 

3 Harker, David, ‘‘Application of the Three-Dimensional Patterson Method and the 
Crystal Structures of Proustite, AgsAsS;, and Pyrargyrite, Ag;SbS;,”" J. Chem. Phys., 
6, 381-384 (1936). 

4 Patterson, A. L., “‘A Fourier Series Method for the Determination of Interatomic 
Distances in Crystals,” Phys. Rev., 46, 372-376 (1934). 
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5 Patterson, A. L., “A Direct Method for the Determination of the Components of 
Interatomic Distances in Crystals,” Z. f. Krist., (A) 90, 517-542 (1935). 

6 Buerger, M. J., ‘Phase Determination with the Aid of Implication Theory,” Phys. 
Rev., 73, 927-928 (1948): i 


STABILITY OF THE 1.AMINAR FLOW THROUGH A STRAIGHT 

PIPE OF CIRCULAR CROSS-SECTION TO INFINITESIMAL 

DISTURBANCES WHICH ARE SYMMETRICAL ABOUT THE 
AXIS OF THE PIPE 


By C. L. PEKERIS 


THE INSTITUTE FOR ADVANCED STUDY, PRINCETON, NEW JERSEY,* AND DEPARTMENT 
oF APPLIED MATHEMATICS, THE WEIZMANN INSTITUTE, REHOVOTH, PALESTINE 


Communicated by J. von Neumann, March 6, 1948 


1. Introduction.—This investigation grew out of a study made by the 
writer of the stability of the two-dimensional parabolic laminar flow 
between parallel fixed walls to infinitesimal disturbances. The result 
obtained for the parabolic flow which will be reported soon was that, at 
least as far as a*—terms in the wave number a of the disturbance are con- 
cerned, the flow is stable to infinitesimal disturbances. Since recent 
studies of the parabolic flow by Meksyn! and Lin,? (where terms in a higher 
than a have either been neglected ab initio or their smallness can be 
verified a posteriori) are.at variance with the writer’s stability conclusion, 
inquiries were made as to whether it would be possible to obtain experi- 
mental evidence on this point. It turned out that the establishment of 
a purely. two-dimensional parabolic flow is a difficult experimental task, 
and that the flow through a circular pipe, which happens to be also paga- 
bolic, is more amenable to experimental investigation. The writer then 
undertook an investigation of the stability of the flow through a pipe, 
and arrived at a stability conclusion for axially symmetrical disturbances. 
When the investigation was finished it was discovered that Sexl* had 
treated the same problem and had arrived at the same conclusion. Upon 
closer examination it appears, however, that Sexl’s argument is incomplete 
in two respects: 

1. Sexl treats only the stability in the two limits of a vanishing Rey- 
nolds number R and of large R. The experimental study of the stability of 
the boundary layer by Schubauer and Skramstad* shows, however, that 
in the latter case the flow is stable in the limits of R = 0 and R = o, 
but becomes unstable at intermediate values of R. 

2. In his proof of stability for large R, Sexl uses an asymptotic expres- 
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sion for the solution, which is not sufficiently specified to warrant his 
conclusion. 

In addition, the method used here has the advantage that simple explicit 
expressions are obtained for the characteristic value C for small R on the 
one hand, and, asymptotically, for large R, on the other hand, in the 
relevant region of small a, and that sufficient terms are obtained in each 
case to allow a satisfactory matching at an intermediate value of R. In 
this respect, the treatment may claim to a certain measure of simplicity, 
which is essential® for the ultimate solution of the hydrodynamic stability 
problem, as otherwise a contribution to this complicated problem may 
merely serve to elicit a comment such as Rayleigh’s:* “The stability 
problem has further been skillfully treated by von Mises and Hopf... . 
Doubtless the reasoning employed was sufficient for the writers themselves, 
but the statements of it put forward hardly carry conviction to the mere 
reader.” 

2. The Boundary Value Problems.—The stability of the laminar flow 
through a pipe is studied by superimposing on it a disturbance of small 
amplitude and determining from the hydrodynamic equations and the 
boundary conditions whether the disturbance grows or decays with time. 
In a cylindrical system of coérdinates 7, y, z the superimposed velocity 
field is assumed to be of the form f(r) exp. [ta(Ct — 2z)], and the flow is 
considered to be stable to symmetrical disturbances if for all values of the 
wave number a the imaginary part of C(=C;) is positive, or unstable if 
for some values of a, C; is negative. Actually there exist an infinite set 
of possible modes for the perturbed flow, and with each mode a charac- 
teristic value of C;, so that a stability proof must embrace all modes, 
whereas instability is established as soon as it can be shown that for one 
mode C; becomes negative. 

It will be convenient to introduce the non-dimensional coérdinates 


o r’ = r/a, z' = z/a, t’ = tU/a, R = Ua/», *(1) 


where a denotes the radius of the pipe, U the maximum velocity in the 
laminar flow on the axis of the pipe, and R is the Reynolds number. If 
we limit the discussion to motion which is independent of the angular 
coérdinate ¢, the velocity field can be derived from the potentials,’ 


u, = —(1/r)(OW/dz); uz = (1/r)(0W/Odr), u, = Q/r, (2) 


and the exact equations of motion are 





: 2292 dt oD*v OW cetiet 2 ow 1 
Or Oz Oz Or 


—(Dry ee one LIE ces tant DM 
> (D + ? De a ¥r +3 ROY 


(3) 
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ied ee ee : 
ot or \Or de 282), R ' (4) 
where 
oO? 10 oO? ! 
* = i (5): 


~ Ort rar | Oa?” 
and the primes in (1) have been dropped. We now write 


r 
4: 


a 
¥=Wt+hw=, — U= 1-7, (6) 
where y¥ and Up refer to the unperturbed laminar flow, so that the per- 
turbation is derived from y and Q. If we substitute from (6) into (3) 
and (4), and neglect squares or products in y and Q, we arrive at the equa- 
tions governing symmetrical infinitesimal disturbances of the laminar 
flow in a circular pipe: 


op” ie SARE rts 
te (a> oe ere (7) 
on on 1 
on a eo kcahgperiene , 
> +(l-r > Ro ®: (8) 


Equations (7) and (8) show that in the case of symmetrical infinitesimal 
disturbances, the perturbation can be of either of two types which are not 
coupled, namely, motion in concentric circles in planes perpendicular to 
the axis of the pipe (torsional, 2) or motion in planes passing through the 
axis (meridional, Y). By writing 


Q = G(r) exp. [ta(Ct — 2)], v= f(r) exp. [ta(Ct—2)], - (9) 
(d°f/dr’) — (1/r)(df/dr) — a°f = g(r), (10) 
we obtain 
(@°G/dr®) — (1/r)(dG/dr) — o°G + iaR(1 — r? — C)G =0, (11) 
(dg/dr®) — (1/r)(dg/dr) — ag + iaR(1 — 7? — Cg =0. (12) 
The boundary conditions on G are simply that 

(G/r) = finite at r = 0; G(1) = 0. (13) 

The boundary conditions to be satisfied by f are, from (2), | 
#0) = FO) = fl) = fl) = 0, (14) 


where the dot denotes differentiation with respect to r. Equation (14) 
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can be converted into an integral condition on g as follows: An appropriate 
solution of (10) is 


(1/r)f(r) = Al(ar) + So’ [i(ar)Ki(at) — I,(at)K,(ar) |g(t)dt. (15) 
with 
(1/r) f(r) = Aal)(ar) + af’ [Io(ar)Ki(at) + I)(at)Ko(ar) |g(t)dt. (16) 


On imposing the boundary conditions (14) at r = 1, we find that (14) can 
be replaced by the condition 


Sol; (at)g(t)dt = 0. (17) 


It is seen from equations (10), (11), (12), (13) and (17) that the charac- 
teristic value C depends on the two parameters a and aR. The stability 
problem resolves itself then into a determination of the sign of C; in the 
(a?, aR)-plane. 

3. Stability of the Laminar Flow through a Circular Pipe to Torsional 
Perturbations.—It can be shown directly from the differential equation 
(11) that the laminar flow is stable to this type of perturbation for all 
values of the parameters a? and aR. Let x = r’, then (11) can be written 
as 


dG taR 1aR(1 — C) — a] 
= ee a Sy es; 
4 4x 


(18) 


9 


dx? 


Multiply (18) by G, the complex conjugate of G, and integrate from 0 to 1. 
We have 


So'G(@G/dx?)dx = — fo'GGdx, (19 

because G vanishes at x = 0 and x = 1. We thus obtain 
C, = 1 — [f'G-Gdx/ fy'G-G(dx/x)], O<C, <1, (20) 
Cy = (a*/aR) + (4/aR)[Se'G-Gdx/ So'G-G(dx/x)j. (21) 


Equation (21) shows that C; is positive for all values of a? and aR, and for 
all modes. This proof, which the writer arrived at independently, was 
first given by Synge.* Sexl did not recognize the existence of the torsional 
type of perturbation, but he developed the proof of this section as an 
auxiliary theorem in his study of the stability of the second type of per- 
turbatioa. He argues, namely, that since the regular solution of (12) 
vanishes like r* on the axis, the meridional perturbation is stable for such 
values of a? and aR for which it is possible to show that g(1) vanishes to 
a good approximation. The latter condition obtains whenever the main 
contribution to the integral in (17) arises from the vicinity of the upper 
limit. 
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4. Stability of the Laminar Flow through a Circular Pipe to Meridional 
Perturbations.—(a) Development for small values of aR. The meridional 
perturbation is governed by the system (12) and (17). Let 


g(r) = rP(r), taR=B. (22) 
Then (12) and (17) take on the form 
Pr it 1 
— p| —+ -a@+pail—r— 0 | =0, (23) 
dr? r dr 7 
So'Ii(ar)rP(r)dr = 0. (24) 


We shall seek, in the first instance, a development of C which is valid for 
small 8 (small Reynolds number): 


C = (C_,/8) + G+ B+... OC. +..., (25) 
and an associated development for P: 
P= Po 4+ BPi +... BP nce (26) 


This can be accomplished by substituting (25) and (26) into (23) and solv- 
ing successively for the P, from the differential equations obtained by 
annulling the coefficient of each power of 8. With 


d* 1d 1 
2 =_l 2 _ oe: b4 = = _- = _ ’ . 
k a — C1, wm 5 | sg a ot (1 =) (27) 





one thus finds that 
6Po = 0, Po = Ji(2), (28) 
bP; = [(Co — 1)/k?]Po + (1/h4)2*Po, ete. (29) 


These non-homogeneous differential equations can be solved directly with 
the aid of the identities 


5[2*—"J,(2)] = 2(n — 1)2"*-*J,_1(2); 5[2"t1J,(2)] = 2(2 + 1)2"Jn-i(2), 

(30) 

d{2"t+8J,(2) — [4/(m + 2) ]e*+?Snia(z)} = 2(m + 3)2"t?J,_1(2). (31) 
The result for the first few terms is 


(Cy — 1) af aty 
P = J,+ 8 {eo sJo+ bk! eh 7 


| — 1) G-—1 
B {spe + at tht ee ath, + 


Cruz 
oR 7” 


(362°, — 52° st abe 4 4 


ib 
360° 
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ee Pe oe ee 
ae Fe ggge 8k ge et 


(C, ~ 1) i, = 2) 
48k8 tht 720k” 


JJ, 8); 2Js 
a 2 
14k@ ~ GOR T a Ty, OO 





‘(462°J, — 52’Js) + 





where we have written J, for J,(z). 
Substituting now (32) into (24) we obtain from the first term 


So ri(kr)Ii(ar)dr = [ale(a)Ji(k) + kJo(k)Ii(a)]/(a? + k*) = 0, (33) 


an equation which serves to determine k, and with it C-,, as a function of 
a. The second term in (32) yields 


Co =l]- (7/3) [Ao ir'I(ar) Jo(kr)dr/ So 'rI,( ar) Jo(kr) dr]. (34) 


These are rather complicated expressions, but useful information can be 
obtained from them by expanding k and the C, into power series in a’, 
as follows: 


Jx(x) = 0, (35) 
ke = x? — ('/)a?+..., (36) 
tx? ee | 4 88\ . 
o~ #5 + (245) +(- 5545-9) mrs 








945x4  7e8 | 3x8”? 2aR 


1 8 1 62 iV 94 ie 
(4, -*)+(R-S+ re) ia + p+ 


... O(a*). (37) 


( 2 ed eee acne 


Although only a?-terms have been retained, in (36) and (37), their con- 
tribution is so small that even at a = 1 accurate values for k and C can 
be obtained. Thus, at a = 1 the exact value for k, as determined from 
(33), is 5.089, whereas (36) yields 5.087; also, the exact value of Cy de- 
termined from (34) is at a = 1 equal to 0.8134, compared to a value of 
0.8131 obtained from the second terms in each of the braces in (37). 

(b) Development for large values of aR. With x = r?, equation (12) 
becomes 


4x(d°g/dx*) + [—a°? + taR(1 — x — C)]g = 0, (38) 
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whose solution which is regular at the origin is 





g = e-*xF(a, 2,2rx); ot = (1/2) aRe*4, (39) 
1-—C)vVi 7 
want AE gh el (40) 
4 4V/i1aR 
The integral condition (17) takes on the form 
S't(ar)e-*"'r? F(a, 2, 2rr?)dr = 0. (41) 


For large values of aR the real part of r becomes large, and is positive, so 
that the following asymptotic expansion holds 


xe"*(2rx)*~* (1 — a)(2 —a) 
T(a) {1 + 2rx ws 


This expression is appropriate if, when substituted in (41), it yields a 
value for a such that the term (1 — a@)(2, — a)/(2rx) actually becomes 
small for large r. This is indeed the case, since because of the e’* factor 
and the monotone character of J;(ar) the principal contribution to the 
integral in (41) arises from a small region near the upper limit, with the 
result that we must have 


1/T(a) = 0, a=—n, n=0,1,2... (43) 


ex F(a, 2, 2rx) ee M3 (42) 


as would follow by carrying out a partial integration. It follows from 
(40) that in the limit of large aR the characteristic value of C, of the 
n-th mode has the asymptotic form 
4(1+ ne ia? 
VaR aR 
Since the imaginary part of C,, in (44) is positive, this result implies stability 
at large aR for all modes, the damping increasing with the order of the 
mode. We note also that for large Reynolds numbers all ures are 
propagated with the maximum speed on the axis of the pipe. 

Sexl did not recognize that the regular solution of (12) is given by (39) 
which behaves asymptotically according to (42). Instead, he used (Joc. 
cit., page 813) a linear combination of the standard asymptotic solutions 
of (12): 


g*(r) = its r? — C)~'“[exp. Siv —iaR(1 — r? — C)dr + Kexp. — 
Kev: —iaR(1 — r* — C)dr|, (45) 


with the constant K left undetermined. He- then states that the integral in 
(41) becomes equal to g*(1)Ii(a), a result which was obviously arrived 


Cy dim (44) 
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at by partial integration. This step would be justified if it could be 
shown that g*(1) becomes large, as we have done in (42) for g(1). But 
with K left arbitrary the possibility is not excluded that the solution of 
(12) which is regular at the origin is represented near r = 1 by either the 
positive exponential term in (45) alone, or by the negative exponential 
alone, in which case g*(1) may actually vanish. We therefore do not 
regard this part of Sexl’s argument as complete. 

(c) Development for intermediate values of aR. Though the explicit 
expressions for the characteristic value C given in (37) and (44) assure 
stability in the limits of small Reynolds numbers on the one hand and 
large Reynolds numbers on the other hand, we must still investigate the 
behavior of C in the intermediate region of aR. We shall do this for 
the first mode by deriving a correction term to (44), and then showing that 
at aR = 200 the resulting expression yields a value for C which is in good 
agreement with the value derived from (37), the difference being of the 
order of the last terms used in each. For the first mode we have 


a— 0, F(a, 2, 2) > 1 + af(z) + O(@), (46) 


f(2) = Soe — 1 — 2)(ds/2*) > (€/2*) [1 + (2!/2) + (31/22) + ...], 
(47) 


Sc'e—"*xf(2rx)dx — (e7/4r*)[1 + (2/7) + ...]. (48) 


Substituting (46) and (47) into (41), and using, in the first instance, only 
the leading term in 


I,(ar) = (ar/2)[1 + (a°r?/8) + (a‘r#/192) + ...], (49) 

we get 
So'g(x)dx — (1/r?) + ale"/4r*)[1 + (2/7) + ...] =0, (50) 
a— —4re"[{1 — (2/7) + ...], (51) 


with the understanding that it is to be used only when 7 is sufficiently 
large tomakea<<1. Bya similar treatment one can obtain an additional 
correction term to a arising from the a*-term in the bracket of (49). We 
thus obtain for the characteristic value C, of the first mode 


ee | 
rag iy. gE se~(1-2) + ate“(1- 2) +... (52) 
: aR T T 


where the first three terms are taken from (44). As a check, we evaluate 
C, from (37) and (52) for the case a? = 0, aR = 200. From the former 
we get a value of (0.805 + 0.154%), while the latter yields (0.798 + 0.1561), 
the term 8e~* having the value of (0.015 + 0.0521). 

We have thus shown that when the parameter a? vanishes, equations 
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(37) and (52) jointly cover the whole range of aR. The a-term in (37) 
is small numerically and, furthermore, makes a positive contribution to 
the damping in the case of the first mode. For large aR the contribution 
from the a-term in (52) is also small, since it vanishes exponentially like 
e~’. It can be shown by using the same procedure as above, that for 
moderate values of a, the a*-term in (52) is replaced by 


nial wet lh mest ai} 
a) | + =) +4 a4 eel +... » (53) 


again provided this term is small. For large values of a 
Ti(cex) > (e**/W2ma) [1 — (8/80) + ...1, (54) 


and the last two terms in (52) are replaced by the even smaller term of 
—8re~*". It appears, therefore, that for large Reynolds numbers the damp- 
ing of waves of finite wave number approaches the values for vanishing wave 
number. 

5. Summary.—Infinitesimal and axially symmetrical disturbances of 
the laminar flow through a pipe of circular cross-section fall into two 
classes which are not coupled: torsional and meridional. In the torsional 
perturbation the flow is in concentric circles in planes perpendicular to the 
axis. The laminar flow in a circular pipe is stable to this type of dis- 
turbance at all Reynolds numbers, a result which was first shown by 
Synge.* In the meridional perturbation, the flow is in planes passing 
through the axis. The stability to meridional perturbations was studied 
by Sexl,* but his treatment is shown to be incomplete. In this investiga- 
tion an explicit expression is derived for the characteristic value in the 
case of a meridional disturbance which is valid for small Reynolds numbers 
R (equation 37). An asymptotic expression for C, valid for large R, is 
also derived in equation (44). Additional terms are added to the latter 
in equation (52) for the first mode, which has the lowest damping. In 
the case of vanishing wave number a of the perturbation, but finite aR, 
equations (37) and (52) match at aR = 200 and are, therefore, sufficient 
to cover jointly the whole range of aR from 0 to ~. In this limit, the 
first mode in meridional disturbances is, therefore, demonstrated explicitly 
to be damped. For large R all modes are propagated with a velocity 
approaching the maximum velocity on the axis of the pipe. 

The a?-terms in (37) and (52) make a relatively small contribution to 
C, even at a = 1, aad, furthermore, in the case of the first mode they 
increase the damping. It .is shown that also when a is moderate or large, 
C approaches its value for a = 0 in the limit of large Reynolds numbers. 
The difference in'‘C between the case a = 0 and a finite a becomes, except 
for a positive imaginary term (ta?/aR), of the order of exp.(—AVR). 
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The conclusion is, therefore, drawn that the laminar flow in a pipe of circular 
cross-section is stable to infinitesimal meridional disturbauces. 

Although our discussion has been confined to axially symmetrical dis- 
turbances only, it is of iaterest that the experimental evidence on the 
breakdown of the lantinar flow in a pipe of circular cross-section indicates 
that the so-called critical Reynolds number can be increased, apparently 
indefinitely, by minimizing the amplitude of the disturbances. The 
classical stability investigations of Reynolds’ were performed on the 
flow in a circular pipe, and already then his experiments on this and other 
types of flow led him to distinguish betweea cases where instability sets 
in at a critical value of R for infinitesimal disturbances and ca ses, like the 
flow in a pipe, where apparently only disturbances of finite amplitude can 
cause a breakdown. While it is possible to cite in this connection the 
following quotations from Reynolds’ paper (p. 75): “But the fact that in 
some conditions it will break down for a large disturbance while it is stable 
for a small disturbance shows that there is a certain residual stability so 
long as the disturbances do not exceed a given amount.” ‘But the general 
impression left in my mind was that . . . as though disturbances in the tank, 
or arising from irregularities in the tube were necessary to the existence of 
a state of instability,” it is clear that by its very negative nature it is 
impossible to prove experimentally that stability exists for all Reynolds’ 
numbers. In the summer of 1910 Ekman” repeated Reynolds’ experi- 
ments in the original apparatus, taking extra precautions to minimize 
the disturbances. He succeeded in increasing Reynolds’ critical value of 
1.3 X 10‘ by a factor of 4, and concluded that: ‘“‘On the other hand, the 
experiments are, as already mentioned, in favor of the opinion that there 
is no critical velocity at which approximately rectilinear flow changes into 
turbulent; but this velocity always increases with decreasing disturb- 
ances.” 

NoTeE: Since writing this paper it was pointed out to the author by 
Professor G. I. Taylor that with a fixed pipe-length of only 140 cm. the 
flow in Ekman’s experiments at the high Reynolds numbers was not of 
the fully developed parabolic type, but rather of the boundary-layer type 
characteristic of the inlet. The highest Reynolds number for which the 
parabolic flow in a circular pipe was proven to be stable is 3.2 X 10‘ in 
Taylor’s experiments (see reference 7, page 321), where the pipe was long 
enough to assure a fully developed parabolic velocity distribution. 


* This work was made possijble by the general support of the Office of Naval Re- 
search, under contract N6ori-139, Task I, on which project the writer served as a con- 
sultant. 
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Solids show a continuously increasing deformation if subjected to a load 
of suitable magnitude for a sufficient time. If rupture does not occur, a 
process of relaxation causes the rate of flow with constant stress to approach 
a final constant value. Rupture finally occurs in a stressed material 
whenever bonds are broken by flow faster than they mend. Whenever 
the stress on a flowing unit is relaxed, the equilibrium distribution of sur- 
rounding units is disturbed. Consequently, the exterior stress will cause 
a succession of adjustments to occur until equilibrium is restored. 

In order that an atom, molecule or group of molecules may move from 
one position of equilibrium to another, it is necessary that space be pro- 
vided into which the molecules or atoms can jump. If one thinks of the 
holes and other imperfections in a system, the following idealized classi- 
fications of solid, liquid and gas can be made. A perfect solid (Fig. 1(a)) 
at absolute zero temperature is a system in which all lattice sites are filled 
and the material has a continuum of-perfect order throughout. This 
ideal situation is never quite realized since actual solids contain holes and 
a variety of distortions even at absolute zero. At any temperature greater 
than zero and less than the temperature of melting a section through the 
solid will show empty sites (holes) as well as regions of higher than average 
density, as shown in figure 1 (6). In this case the empty sites, or holes, 
occur infrequently and are not mutually connected. The important 
concept, that of long range order, is that a continuum of nearly perfect 
order still exists extending at least as far as the boundaries of the mosaic 
block.! Within this continuum of. order there are enclosed domains of 
imperfections (having liquid properties) which, due to thermal fluctuations, 
are short-lived and are ‘“‘recrystallizing’’ while other such domains alter- 
nately reappear at other positions in the domain of rigidity. 

Above the temperature of melting (Fig. 1 (c)) the substance is liquid, 
characterized by a discontinuity of the nearly perfect order and an increase 
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of holes. The continuum of perfect order has now been so diminished 
that it exists only as islands in a continuum lacking long-range order. 
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FIGURE 1 


Idealized mosaic block structure of solid, liquid 
and gas. 


In the gaseous state there is a prevalence of empty sites and atomic 
aggregates occur only rarely and are localized. The gas phase is unique 
in that the empty sites or holes form the continuum surrounding the 
isolated atoms or molecules and, infrequently, very small regions of perfect 
order. 

Flow of material can occur only by the movement of atoms or molecules 
into holes, or, conversely, the re-distribution of holes or imperfections 
through a medium. Imperfections in solid materials may be classified 
into the following general types. 

A. Non-equilibrium imperfections of three classes: (a) Imperfections 
due to the presence of foreign material such as gas in the form of minute 
bubbles, refractory particles in glass or carbide inclusions in steel. In 
a broad sense surface scratches or indentations should be considered 


as unenclosed holes. 
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(6) Imperfections due to the inhomogeneity of the material resulting 
from poor mixing of the constituents or insufficient processing. Such 
localities produce strain or internal cracks because of the differing 
coefficients of thermal expansion of the material as a function of compo- 
sition. 

(c) Structural imperfections may be caused by two effects. When 
cooled too rapidly, a material such as an alloy quite frequently will produce 
lattices having vacant atomic sites. The second effect, often found in 
glasses or solids of complex compounds such as the mixed oxides of metals, 
results in a structural bridgework typified by dumping a load of bricks into 
a box, thereby producing cavities. Molten oxides, when quenched, 
collapse from the liquid state and are ‘‘frozen’”’ into non-equilibrium struc- 
tures containing bridged voids. In some substances, particularly metals, 
rapid cooling also causes a network of voids from the lack of cohesion of 
the crystallites grown from many nuclei. It is interesting to note that the 
“frozen” or bridgework, holes common to glass are usually enclosed by the 
matrix, while the bulk of the metallic voids or intercrystalline boundaries 
enclose metallic units. 


B. Equilibrium imperfections: These imperfections are characterized 
by the fact that they exist independently of man’s attempts to eliminate 
them without modifying the thermodynamic variables such as temperature 
and pressure. In general, they differ from the non-equilibrium holes in 
that they are smaller and represent ‘‘short-range’”’ and often ‘short dura- 
tion’’ inhomogeneities. There are two important kinds of equilibrium 
imperfections: (a): those arising from fluctuations in composition, and 
(b) those arising from thermal fluctuations in density. 


(a) It can be proved statistically that no amount of stirring of the 
ingredients in an alloy mixture or a glass batch prior to melting could pos- 
sibly cause perfect homogeneity of the mixture, or batch, particles. When 
melting occurs, the attainment of composition homogeneity becomes 
easier because the problem is changed from the mixing of grains to the 
mixing of atoms or molecules. The fluctuations are of very small size, 
not only because of the smallness of the atoms or molecules, but because 
of the fact that the mutual attractions tend to force the atoms into pre- 
ferred localities. Any inhomogeneity prevailing after solidification may 
result in the occurrence of holes which are created by regional variations 
in the coefficient of thermal expansion as a function of composition. 


(6) According to the simplest picture, any substance in equilibrium 
is uniform and not subject to spontaneous changes. However, a statistical 
viewpoint permits the calculation of local deviations from uniformity. 
Motion of these local deviations in density, as we shall see in the case of 
metals, provides the principal mechanism for the release of stress. 
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Of all the imperfections discussed above, those created by fluctuations 
in density are the least understood and are to be considered in this paper. 

The problem of density fluctuations as evidenced by light scattering has 
been studied by Lord Rayleigh? and many others,* and the foundation for 
the theory has been firmly established. 

Fluctuations in density are given by the relation :' 





(*) - - (1 
p Mv?(0*s/Ov”) z 
where 

p = density 

v = molal volume in a small selected portion of the material 

M = mass of the small portion 

Ss = specific value of entropy 

k = Boltzman constant = 1.38 K 10~'® erg. deg.~! 

E = internal energy 


From the thermodynamic expression 
TdS = dE + PdV 
one immediately obtains 
(Os/Ov)e = P/T 


For the second derivative a straightforward calculation yields 


(0*s/Ov)e = 1/T(OP/dv)x — P/T?(OT/dv)x (2) 
where s, v, E have been defined, and 
P = pressure 
T = temperature in °K. 


Equation (2) may be written in the form 


Cr — Po (20 ~ 76) 





(3) 
0’s/Ov2)e = — 
(0*s/Ov*) z C.TvB 
where e 
B = —1/v(0v/0P)r = coefficient of compressibility 
a = 1/v(0v/0T)p = coefficient of thermal expansion 


Cp = heat capacity at constant pressure 
C, = heat capacity at constant volume 


For solids Cp = C, and equation (3) reduces to 
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Pp 
a ee P (2a - 7) (4) 
(oO s/Ov \e TvB GTB 





To a good approximation, the second part of the right-hand member of 
equation (4) can be neglected and equation (1) can be written as 


(Ae) = Ste _ Me (5) 
oe ae ee ‘5 





a well-known result. 

The immediate problem is to apply equation (5) to observed data. 

A pplication.—The flow of metals in tension has been carefully analyzed 
in a previous paper.° An equation to express the rate of flow with relation 
to structural and thermodynamic parameters was seen to have the following 
form: ; 

AF* 


€ = 1/g-6 + 2Vi/Vo-kT/h-e RT «sinh (Vio/2kT) (6) 


where 
€ = true strain rate 
o = stress (applied) 
g = stress rate 
Vi, = volume of hole 
Vp = volume of flow unit 


AF* = free energy of activation 

spring modulus 

= Boltzman constant 

gas constant 

Planck’s constant (6.62 X 10-” erg.sec.deg.—') 
temperature (°K.) 


Wy by woe 
I 


ll 


From the analysis of the behavior of brass and SAE 1020 steel in tension 
it was determined that AF* was an almost pure entropy term and that 
for temperatures not excessively high, AF*/T was independent of tempera- 
ture as shown in figure 2. It is now of interest to see how these facts may 
be understood in terms of fluctuations in density. Rewriting equation (5) 


as 
p\! _ Vi1/B) 
(2) a @) 








and from the definitions _ 
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Curves showing AF*/T versus temperature relationship. 


(OF/OP)r = V; 8 = —1/VQV/OP)r 


dl 


one obtains 


—(QF/OP)r(0P/OV)r-V = —(QF/OV)r-V = AF 


and from this, equation (7) can be written as 
. vil AF* 
(+) = MAT = <«— = const. (8) 
Ap 


It is apparent from the constancy of AF*/T for the metals investigated 
that neither the nature of the substance nor a difference in mechanism 





2 
affects the value of (+) since by (8) we take this equal to AF*/kT. In 
p 





2 
other words, these results suggest that since the expression (+) is a 
p 


constant we should think of the process of activation as the crowding 
together of some molecules (and the consequent rarefaction of others) 
creating the holes or imperfections necessary for the flow process. 

Another result obtained from the analyses of metals was the fact that 
V,, the volume of the hole into which the flowing unit jumps, was tem- 
perature dependent and that V,/T is approximately a constant as shown 
in Fig. 3. If we identify V, with the amount of material whose density 
is fluctuating at any time,} we obtain the relation 
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Curves showing V;,/T versus temperature relationship. 


Thus, one is led to conclude that with the value of the constant and the 
compressibility known, the value of V; is calculable from Eq. (9). How- 
ever, if one uses the known compressibilities of steel and brass one obtains 
for the volume, V,, a value which is unreasonably small. One is led, 
therefore, to the conclusion that the material being compressed or rarefied 
in metals is not the system of whole atoms, but the system of positive 
kernels; i.e., the atoms minus their conductance electrons. 

Conductance electrons are capable of moving almost independently of 
short range motion of the kernel and consequently, the kernels can move 
relatively independent of the conductance electrons with restrictions de- 
termined largely by the proximity of the neighboring nuclei and the 
accumulation of charge. The conductance electrons then form a sort of 
continuum, inside of which the positively charged kernels fluctuate in 
density. Fluctuations in density of the kernels are known to be responsible 
for the thermal scattering of x-rays® and a study of this phenomenon pro- 
vides additional evidence that density variations are possible. The 
increase in electrical conductance with decreasing temperature is also 
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associated with a decreasing fluctuation of the density of the system of 
kernels thus increasing the mean free path of the conducting electrons. 

In 1937 Ewell and Eyring’ in their study of liquids found that for flow, 
metals required an apparent hole about '/,s the size of the molecule as 
compared with about '/; the size for non-metals and from this they con- 
cluded that the kernels must be flowing relatively independent of their 
conductance electrons. The size of the hole necessary for metals was 
efound to be about '/,—'/; the size of the kernel, the same proportionate 
part of the volume previously found for non-metals. 
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Coefficient of compressibility 6* versus temperature for 
brass and SAE 1020 steel. 


One is thus led to interpret the compressibility factor in equation (9) 
as the value for the compression of a system of kernels in a sea of con- 
ductance electrons. Using the values of V;, calculated from experiment,° 
the compressibility factors (denoted 8* for the system of kernels) deter- 
mined from equation (9) are shown in figure 4 for the range of temperatures 
investigated. The results show that the kernel compressibility is about one 
thousand times that for the bulk metal and as an approximation one may 
write 


p* = B X 10° 


A value of 8* so much greater than the bulk 8* (which accounts for the 
specific heat of metals in the Debye theory) indicates that flow occurs at 
specia) imperfect regions which comprise only a small part of all the 
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degrees of freedom. Rewriting equation (8), replacing 8 by 6* and V by 
Vn, One obtains 


Vi(1/6*) _ AF 


aT Ir const. (10) 


The question naturally arises as to the applications to be made of the 
theory. By looking at equation: (6) it is clear that the most important 
factor affecting flow is the volume of the hole, V;, since AF*/T changes 
little with either temperature or the nature of the metal. Metals with 
a large value for V, will flow exponentially easier than those with small 
values. 

Non-metals are not separable into conductance electrons and kernels 
and therefore one understands why these substances do not have the 
ductility of metals. Preliminary investigation has shown that the factor 
AF*/T is not independent of temperature and of substance for non-metals 
as it is for metals—a result one might expect. 

The conductance electrons surrounding the kernels act as an external 
pressure on the kernels, decreasing the tendency for bonds to stay broken 
permanently, thus increasing the ductility. Hydrostatic pressure can be 
very effectively utilized to increase ductility as has been shown by Bridg- 
man.® This pressure, when applied to metals, supplements the pressure 
due to the conductance electrons in acting against permanent bond rupture 
in the flow process. 

Any rigid imperfection or dislocation of the lattice which interferes 
with the lattice structure in such a way as to prevent the kernels from 
moving independently of their conductance electrons will constitute a 
barrier to flow. These imperfections, however they are introduced, will 
harden the pure metal. This point of view explains naturally the effect 
of the imperfections considered to be present by G. I. Taylor® and others. 


* This paper is based on a research program conducted at the University of Utah in 
coéperation with the Office of Naval Research, U. S. Navy Department. 

tIf the volume of the hole, V;, isnot formed by a fluctuation in density as the acti- 
vated complex appears then V; must be a hole already present in the metal as a non- 
equilibrium imperfection. In that case V and V, could be entirely different with V 
(Eq. 8) even as much as a thousand times smaller than V;, and the compressibility 8 
then approximating the compressibility of matter in bulk. We have neglected this 
possible alternative as less likely for metals than the identification of V with V4. 
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EVIDENCE FOR AGING AS A CONSEQUENCE OF GROWTH 
CESSATION* 


By ALBERT I. LANSING 


DEPARTMENT OF ANATOMY, WASHINGTON UNIVERSITY SCHOOL OF MEDICINE 
Communicated by T. N. Sonneborn, March 27, 1948 


A previous investigation by Lansing’ has indicated that a non-genic 
factor is active in aging of the rotifer. This factor has been shown to be 
transmissible, cumulative and reversible. The current report which is an 
extension of the initial experiments brings together new data which show 
that the aging factor becomes operative at a critical period in the life span. 
The period of growth cessation in the rotifer seems to coincide with ex- 
pression of the aging factor as measured by accelerated aging. 

The essential nature of the experimental method consisted of establish- 
ment by selection from isolation culture of series of generations of a par- 
thenogenetic rotifer (Philodina citrina) with uniform parental age in all 
generations; such a series of generations was designated an ‘‘orthoclone.”’ 
The isolation culture technique has been described previously.? It should 
be stressed that the experimental method involves no procedures which 
might alter the physiology of the rotifers. The longevity differences 
observed in various orthoclones are those apparently existing in nature 
and are only unravelled by the selection procedure. 

The standardized environmental and genetic techniques yield longevity 
data for Philodina citrina which are remarkably consistent. Figure 1 
shows diagrammatically the survival curves and egg production data for 
two closely related clones of rotifers. A wild stock group of 60 rotifers 
are contrasted with a similar group derived from eggs laid on the sixth day 
of life by the wild stock group. The curves for both longevity and egg 
production are virtually superimposed. The mean life span of the parent 
group was 25.6 + 0.63 days while that of the offspring (6F:) was 25.7 + 
0.55. The mean number of eggs laid per day during adult life is approxi- 
mately two eggs per day. It is interesting to note that the adult rate of 
egg production is reached on the sixth day of life. Egg production falls 
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off rapidly to an insignificant level after the fifteenth day of life. As 
indicated previously,! Philodina citrina appears to produce a maximum of 
32 eggs during the life span of an individual. 

With the culture method employed Philodina citrina hatches from the 
egg in one day, initiates laying of eggs on the fourth and fifth days of life, 
reaches adult size on the sixth day and begins to show senile changes on 
approximately the fifteenth day of life. 
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Survival and egg production curves for two related groups of 
Philodina citrina. 


Measurements of body lengths were made with a micrometer ocular 
to determine the time at which maximum size is reached. It is difficult 
to obtain accurate data by this procedure since Philodina varies its length 
during movement. These measurements were made while the rotifers 
were fully extended in creeping along the bottom surface of the pyrex 
depression slides. The results of these measurements are graphically 
illustrated in figure 2 and represent the means of ten measurements for 
each day of life studied. Philodina citrina apparently reaches maximum 
length between the fifth and sixth days of life. This time coincides with 
that of initiation of the adult rate of egg production. 

The preceding investigation! showed that the longevity of successive 

= 
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Graph showing changes in length of the rotifer in early life. 
Maximum length appears to be reached between the fifth and 
sixth days of life. 


generations in old (16- and 17-day) orthoclones decreased progressively 
and that such old orthoclones invariably died out. Moreover, a similar 
pattern of events held true for eleven- and eight-day orthoclones. The 
latter result, illustrated graphically in figure 3, was particularly striking, 
for an eight-day old rotifer is a vigorous young adult animal. Since it 
was shown that orthoclones derived from adolescent (5-day old) rotifers 
manifest a progressive increase in longevity rather than a decrease, it 
seemed apparent that the aging factor must make its appearance or express 
itself early in life at some time between adolescence and early maturity. 
Six- and seven-day orthoclones were traced in detail in order to determine 
whether the factor appears abruptly or gradually between adolescence 
and early adult life. 

Figure 4 contains the essential data of the 7-day orthoclone experiment. 
Survival curves for each generation in the orthoclone are shown in relation 
toone another. The pattern of events in'the seven-day orthoclone parallels 
that of older orthoclones. The middle portion of the rectangular survival 
curve found in the first few generations tends to collapse as more animals 
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Three-dimensional graph of survival curves in successive genera- 
tions of an 8-day orthoclone. 


die at an early age. The 7F; and succeeding generations show a fairly 
uniform mortality rate with little change in maximum life span. The 
7F 2 exhibits a distinct drop in mean life span and this is furthered through 
the 7Fi; which yielded a mean life span of 6.5 = 0.19 days. The 7Fis5 was 
the last generation that could be obtained since no eggs were laid by these 
animals at any time during their short life spans. 

The six-day orthoclone (Fig. 5) exhibits a pattern of change essentially 
like that of the 7-day orthoclone. Here, again, the middle portion of the 
survival curve collapses, no further marked changes occur until the four- 
teenth generation. The orthoclone died out for lack of eggs in the seven- 
teenth generation which yielded a mean life span of 7.7 + 0.27 days. 

It appears, then, that the aging factor expresses itself at some time 
between the fifth and sixth day of life. The time cannot be defined more 
clearly with the present technique since observations are made at 24-hour 
intervals. : 

The fact that the period between the fifth and sixth days of life in Philo- 
dina citrina marks the transition is significant when related to appearance 
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of the aging factor. Certainly the view that aging begins in the fertilized 
ovum becomes untenable. These experiments to the contrary suggest 
that aging is a direct sequel to growth cessation. Apparently, at any 
time during active growth the organism is at least potentially immortal. 
It is only with growth cessation that the capacity for aging develops. 
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Three-dimensional graph showing relation between successive generations of a 7-day 
orthoclone. . 


Examination of figure 6 indicates that there is an orderly relation be- 
tween longevity in generations of an orthoclone and age of the orthoclone. 
The curve that can be derived from the block diagram is essentially 
asymptotic. It seems, therefore, that the aging factor not only appears 
abruptly during the period of growth cessation but also increases with age 
after maturity. 
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Some critical observations remain to be made. The vertical limb of the 
asymptotic curve in figure 6 suggests that the longevity of a five-day 
orthoclone should be essentially infinite. This possibility is in accord 
with the observation that longevity of five-day orthoclones tends to in- 
crease. It remains to be demonstrated that the five-day orthoclone can 


DAYS 


FIGURE 5 


Three-dimensional graph showing relation between successive generations of a 6-day 
orthoclone. ‘ 


be maintained indefinitely. Further, there as yet is no indication as to the 
maximum life span of rotifers in a five-day orthoclone. 

The behavior of the aging factor and its relation to growth assumes 
additional significance when one examines in retrospect the meager litera- 
ture on aging. Various experiments* * on the effect of starvation on 
longevity contain the basic pattern that extension of the period of growth 
results in extension of the total, life span. Sonneborn’s® experiments on 
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Recapitulation of relation between longevity of orthoclones and 
age of various orthoclones. 


Stenostomum suggest that growing tissues do not age while non-growing 
tissues do age. In general it seems true that post-mitotic cells are the only 
ones which age, growing intermitotic cells do not show age changes.® 

Summary.—It has been shown that aging of the rotifer involves a non- 
genic factor which is transmissible, cumulative and reversible. New data 
have been obtained which indicate that the time of appearance of this 
aging factor coincides, within the limits of the experimental technique, 
with the time of cessation of growth. 

There appears to be an inverse relation between the age of an adult 
orthoclone and longevity of such orthoclones. 


* Aided by a grant from the U. S. Public Health Service. 
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